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CHAPTER I 


INTRODUCTION 

The preaent work ia devoted to the atudy of aiiiitil taneotia 
approximation properties of linear combinat Iona of certain 
linear positive operators. The operators that we deal with in 
the thesis are Sz4a2-Mi r ak jan-Hi 1 1 e operators, Bernstein 
polynomials and Bernst ein-Kantorovi t ch polynomials . 

For a sequence the set of natural numbers, of 

linear positive operators defined on a domain D of functions, we 

say that {L } has simultaneous approximation property of order 
n 

"t In 

kelM , if for an arbitrary f fD, the k derivative of L^f(x) 
converges to that of f(x) provided the latter exists. 

Following the work of LorentzfSO], on simultaneous 
approximation by Bernstein polynomials, many workers have 
studied simultaneous approximation property for various other 
linear positive operators. A survey of the representative work 
in this direction will be given later. Rathore and Agarwal[67] 
obtained local inverse and saturation theorems for simultaneous 
approximation by linear combinations of exponential type 
operators. But the corresponding global results have not been 
established as yet. Here we obtain global inverse theorems for 
simultaneous approximation by linear combinations of Sz4sz 



opera.tors, Bernstein polynomials and Bernst ein-Kantorovit ch 
polynomials. 

For the convolution type operators, such as those o£ 
Shapiro[73], Sikkema and Rathore[773, Kunvar[45], Rathore and 
Sin£h[68] etc., the same analysis as done for ordinary 
approximation carries over for simultaneous appr oximat ion , but 
such is not the case for the summation type operators that have 
been taken up for the study here. The reason for this lies in 
the fact that the operation of taking derivatives of the 
convolution type operators can be transferred to the function 
inside the integral sign, without affecting the convolution 
structure of the operator while this is not true for the 
operators being considered here. Thus, necessitating a closer 
observation and a more detailed analysis for the operators of 
the type understudy. 

Inverse theorems of a general order in simultaneous 
approximation by linear combinations of the above mentioned 
operators are obtained, following the techniques of Berens and 
Lorentz[15], Ditzian[25] and Uinalin[923. The main constituents 
being the Bernstein type inequalities for the respective 
operators, direct theorems, on appropriate spaces for 
simultaneous approximation by linear combinations of the 
operators and a generalization, due to Avadhani[7], of the 
Berens and Lorentz[lS3 lemma. 



!•! GLX3BAL. APPROXIMATIOM 


An approximation theorem, valid for the whole domain of 
definition of the functions under cons iderat ion , is called a 
global approximation theorem. 

It was not until Timan[85] observed that, if in the place 
of uniform approximation by algebraic polynomials we consider 
the point wise approximation on the given segment then 
conclusions could be reached on the whole domain rather than on 
contracting intervals and the remarkable work of Lorentz[51] on 
the global saturation theorem of Bernstein polynomials, that the 
work in this direction picked up the momentum. The results of 
the above authors aroused the interest of many more 
mathematicians and global approximation results for various type 
of operators have been obtained since then. Some of the 
representative works in this direction are those of Becker[8}, 
Becker, Lautner, Ness el and Uorffls[ll], Becker and 
Nessel [ 12 , 13 , 1 4 ] , Berens and Lorentz[15], Ditzian[25], fleir[S3], 
Eeimenschn eider [69], Sat o [ 72], Totik[89,90], Ui ns Iin[ 92], 
Zhou[99] and others. 

1.2 LIMEAR COMBINATION 


The operator sequences like Bernstein 
SzAsz-Hirak jan-Hi 1 1 e operators , Baskakov 

If eyer-K6nig-Zel 1 er operators and Bernstein 

polynomials are conceptually easier to construct, 
in the rapidity of convergence for very smooth 


polynomials , 
operators , 
Kantorovitch 
but they lack 
f unctions . In 


this regard we have the well known theorem of Korovkin[44] which 



atAt€fii that the optliial rate o£ convergence £or any eequence of 

“*2 

linear poaitive operators is at moat 0(n ). 

In view of this it was pertinent to evolve aame. way out so 
that better order of approximation for smoother functiofis could 
be obtained for such operators. One such way is that of taking 
linear combinations of the above mentioned operators. Biitzer[ 20 ] 
was one of the first to consider such combinations and he came 
up with results that showed that higher order of approxiaat ion 
could be achieved for smoother functions provided proper linear 
combinations were considered. Leviatan and fliilier[48] also 
studied approximation by linear combinat ions of Gamma operators , 
but they considered linear combinations of very low order. It 
was only after the works of Rathore[65] and May[55] that more 
researchers started working in this direction. May[55] obtained 
local inverse and saturation theorems for the linear 
combinations of exponential type operators, Rathore and 
Agarwal[67] established these results for aimttltaneous 
approximation as well. Ditzian[253 proved a global Inverse 
theorem for linear combinations of Bernstein polynomials , 
similar results were later obtained by Uinslln[923 for the 
linear combinations of Bernst ein-Kantorovitch polynomials . 

Some further studies on linear combinations of various 
linear positive operators include Agarwal[l], Agarwal and 
Kasana[3}, Agarwal , Sinha and Kasana[5], Avadhani[7], Ditzian and 
IvanovCBO], Sinha[833, Voght[91], Uood[ 93 , 94 , 95 ] and others . 



e;' 


1,3 OmXR OP APPROXIMATION 

Most of the restilts, particularly on inverse theorems for 
linear combinations of linear positive operators { ^ available 
in the literature, concern with the order 0(n of 

approximation, ot being a real number(see 11ay[55], Ditzian[2S], 
Agarwalll], Rathore and Agarwal[673, Sinha[833, Rathore and 
Singh[6a3, Uinalin[923 etc.)- 

Avadhani[73 gave a class of functions and obtained order 

“ 1/2 

of approximation results with the order 0(</^(n ' )) where 

belongs to the above mentioned class. The class is defined as 

foil ows : 

Definition 1 . 3 . 1 [ 7 ] : For any r G CN , a positive function # on 
(0,c) is said to belong to the class if it satisfies 

(i) for any 0 < h < 1 , there exists a constant K.(h) 
depending only on ^ and h such that for all t « (0,c] 

(ii) for any 6 > 0 

K- = sup K,Ch) < «. 


r . ■ 

(iii) h K.(h) tends to zero as h goes to zero . 

Observe that #Ct) = t^ C which corresponds to the approximat ion 
order of the type n ^) satisfies the above conditions for any 
integer r > oi . Other examples of </^(t) are 


i) 


, ot < r 

ii) 


)J , « < r 



Inverse theorems with respect to a general order of this type 
have been obtained in the present work. 

1.4 S3[MyLTAMEOys: AFPEOXIMATION 


The present section briefly atimmarizes some of the work on 
aimtiltaneous approximation. 

Lorentz[50] was one of the first to consider this type 
approximat ion , when he showed that*. 

••If f(x) la bounded in [0,1] and f^^^(x^) exists at a point 
0 X 1 , then B^^^f(x ) converges to ).” 

This was followed by the works of llinkova[ S9 , 60 ] and Sendov 
and Popov[74,75] on linear operators, Lupas and K011er[52] and 
Rathore[663 on operators of Meyer-Konig-Zel 1 er , Martini[54] 
on Baskakov operators and others . 

Hasson[37] and Leviatan[473 obtained some results in 
simultaneous approximation, about the polynomials of best 
approximation. Leviatan[47J proved the following theorem: 

"Let f 4£ C*^[-l ,13 and be its n^^ polynomial of best 
approximat ion on [-1,1]. Then for each 0 si k r 


i) 

■ n •• r 

k — 

Ck), 

ni&k 


i K 

B 


, nS:r 


r 

n- 

r 


li) 

if -1 < Cl < ft < 1 

and j|f-pj 

£«./3] 

sup 

Ol^XSi/? 





i = 0 3 = 0 ^0 


P„ tCx) 

fi , “ a , Ki 


r-l 


k+s 

n, +1 
1 


[1^- tj ( - £"®^Cx))dt 


n, +1 
1 


r (■;■).-..-■• Z v-." 

i=0 s=0 k=0 


m+l 


n 


k+s 

Hi + 1 




n~+T 


(5.4.1) =S^(X) + S^cx) , sa.y . 

By 1 emma 3.2.1 and (3.2.1), 
r-l 

(n,+l)! 


S^C*) = y C(i,r)[ -l] 

i = 0 ^ 


ff^^x) 


Applying lemma 4.3.2, 

r~ 1 m 

CCi,r) 

1=0 j=l 

m r~l 


S2(x) 


= ^ C(i,r) ^ b. (n.+l) 


f (x) 


= f^”’^(x) 


I 


C(i,r) n 


-k 


j=l k=j i=0 
The last equality is a consequence of the fact that 


00 


(5.4.2) 


° Sp 


ak-n 


where a, ’s are constants independent of n. 
k 


7 


then 


|,Ck)_ p(k)„ ^ 

A E . 

r n-k^ 

nik 

5 : 

r n-r 

nir 

where C ,K depend only on r 
r r 

, A ,B depend only on 
r r 

ot,/7 


and 

E (f) = inf |f-p| , 
f « n 

n 

being the set of all algebraic polynomials of degree n.^* 
Gonska[32] has obtained certain quantitative Korovkin type 
theorems for simultaneous approximation. As far as simultaneous 
approximat ion by linear combinations of linear positive 
operators is concerned ve have the works of Eathore and 
Singh[68] and Singh[823 on post Uldder operators and those of 
Eathore and Agarwal[67] and Agarwal[l] on exponential type 
operators. Eathore and Agarwal[673 have obtained: 

Theorem 1 . 4 . 1 [ 67 }: C Inverse theorem)- Let 0 < < 2 .X .^/X ^ C, 

n^M and for f « C(A3), 

S. (f,t) = r® ucx.t.u) f(u)du 
^ A 

where U(X,t,u) ^ 0 , S^(l,t) s 1 

-|^UCX,t,u) = -A— (u-t) UCX,t,u) , u,t € (A,B) , 

p(t) being a polynomial of degree 2 and positive on CA3)- 
Further, let S^(f,k,t) be May[553 type linear combinations of 
S^(f,t). Then, (i) (ii) (iii) (iv) where 



'.1' 


I 


< PI (n+1) " J^|cn + l)xJ 

writing I = 2r“k and ot = ^-fr-k where k = r+p-ca and tising X < 1/4 
for all X « [0,1], the right hand side can be shown not to 
exceed 


^ -r 
M n 

Moreover I = 

1 einiBa 5.1.3, 


X^ kj ^Cn>+2r j _ 

r+ot and r + 1 I 2r-l imply 


1 k ^ 


r-1. 


thus by 


C5.4.10) |S(n,in.l,^.,0;f,Ol| ^ ^ < tt n ^ 2 r 

with this the remaining terms corr esponding to j = 0 are also 

taken care of . 

So far (5.4.6) has been established for j = 0, 1 and for all 
possible values of I and . Note that for I =1, j is either 0 or 
1, so for further analysis let 1^2. 

By (4.1.3), (5.4.2) and (1.5. Id), 

r-1 [J/2] 

(5.4.11) S(n.m,l.Ai, j;f.x) = C(i,r) ^ 

i^O fel 

k 

. k-q . 

(-m-1) ^ (n^+'l) 

q = 0 



[j/2] 


(m+l)^ 


k=l 


1 q = 0 


(x) 
Oft r-i 


CCi,r) n 


-a 


ot=r i = 0 



i) exists on 

sup lS^®^(f ,k.t)-f^“'^(t)| = 

n 

ii) « Li2(«,k+1 ;a2 .b^) ; 

iii) (a) If p< oi(k+l) < p+1, p=0, 1 , 2 , . . . . 2k+l , then 

£(P+ffl) exists and « Lip(oi(k+ 1 ) -p ; , b 2 ) , 

(b) If c»Ck+l) = p+1, p=0 , 1 , . . . , 2k , then exists 

* 

and belongs to Lip Cl;a 2 ,b 2 ) 


iv) |S^®^Cf.k,-) - f*^®^] 


lC[a b ] 

fit S 




Here the classes Liz (« , k ; a , b ) , LipCoi;a,b) and Lip (l;a,b) are 
defined as follows 


Liz(«,k;a,b) 


Lip(oi ; a , b) 


LipCl ;a,b) 


where for m 


f-sC[a,b]: = OCS^") , S ^ 0 


f€C[a,b3: <^^(f;6) = 0(<5''), 6 


f«Cta,b]: = 0(6), 6 -► 


. o} 

“} 


1,2, , 


the modulus of continuity' 


i£;Sy = Cf,a,b;<S) is given by 
m m 


co^(f;6) = 


Ul 

sup 1 ^ (-1)® 1^®^ f (x+ jh) j :x,x+iBh « [a,b]^ 


lhli6 


The operators S^(f,t) are said to be regular 

If U(X,t,u) regarded as a function in t and u is 
aeasurable on (A,B)x(A,B) and 





^55 


Let 


this 


X < 


t 

IJ 

X 


^ J KCn. .in,s,x,t)lt-xl^’^“^}J H U— <!i2i 


■du j dt 


i^T 


U 


1 - 


n . + 1 


J ^ K(n ,m,s,x,t)lt-x| 
1 ^ 

H7TT 




t r- 


2 I r C 2r ) 


IJ U "1 -^(u)jdujdt. 


p = integral part of 


sup 

< X < 1 - 


( 1 - 


n+ 1 '* n+l 

0 i r~l 


n + i 


1 ) 

n. + l'’ 


ensures that CP'''^)|n) ^ C 1 


n+1 


^ ) .So for -4r < 


n. +1 

i 




1 - and ■ ^ . - 7 - < - t < 1 - -ixT 

n+ 1 n , + 1 n . + 1 


p x+(j+l)|- 


"“I ^ Z [ 

j=0 


1/2 


J 


du 


x-(j+l)|^ 


1/2 


P x+(j+l)}- 


I 1 


j = 0 


x-(J.l)^ 


1/2 


1/2 


du 


P 1- 

I/, 

J = 0 ^ 


A 


n-^ 1 


a:, j.l(u) lu 


n-vl 



a(X ) , u « (A, B) , 


U(X,t,u)dt = 

A 

where a(X) is a rational ftinction of X with a(X) — ►! as X — and 
for each fixed u « (A,B)» ca € and for all X sufficiently 
large, 

t^pC t )U(X , t , u ) — ► 0 as t — ► A,B 


Theor ea 1 . 4 , 2 [ 67 ] (Saturat ion theorem): If are regular and 

f«C[a,b], then (i) (ii) (iii) and (iv) (v) (’v^i) where 

i) f^^^ exists on [a^,b^] and 

sup j = 0(1) 


(2k+in+l ) 


A.C. [a^.b^] 


. ( 2k + m+ 2 ) 




iii) >,''*l|(S^*>(£,k,.) - = OCl). 

» » 

iv) f^ ^ exists on 

aup |sj^“^(f.,k,t)-f‘^“^(t)j = 0 ( 1 ) 

a^iit^b^ n 


2k+ +2 2k+in+2 ... 

V) £ 4S. and £ Q ( i , k , m , t ) f ^ ^ ^ C t ) = 0 

i = m 


where Q( i , k , la , t ) are certain polynomials in t-cta^^b^] 


Vi) x'=*lls<”‘)(f,k, ) - ,t, ) = ofl)- 

ft ft 


In the more recent past simultaneous approximat ion by a 
variety of operators such as Sz4sz operators, Baskakov-" Durrmeyer 
operators, modified Bernstein polynomials, modified Lupas 



then 


16 ; 


Corollary 5.6.1: Let r, m « (N and £ « u“ . . 

00 , 2r ’ 


IP f-fll s: n n . 

® n,r ”00, p « ”in,oo, 2 r 

Proof: For r € IN and f € L we have from \92] 

00, 2 r i j 

« ""l|f|U, 2 r ■ 

Using lemma 5.6.1 and (5.6.3) together with this we get the 
corollary . m 


5.7 INVERSE THEOREM 


Throughotit 

thus section 

the symbols 

independent of t and n . 


THEOREn 5. 

7,1: Let r , m ^ 

IN and S ^ 

2r 

equivalent 


(i) 

f - u"’t 

p, 2r 


Cii) . 



(iii) 

” n , r ** p 

= 0(<ii.Cn“^^^)) 

Civ) 


= OC^(t)) 


'1 ^ 2 


Then the following are 


where K( t , f ) 


inf 

g«L 


{ iif-«iip * t } 


p , 2r 

Proof : (i) implies (ii) 

Corollaries 5.4.1, 5.5.1 and 5.6.1 together give that for f 

u”* _ , 1 < p < 00 

P . 2r 

-r, 


C5.7.1) l|P„,pf-f|l„,p ^ « " llf|l„,p,2r 



1 

operator, iiodified Sz^sz operators have been studied by Xie Htia 
Sun[96], Heiliaann and !1tiller[ 39 3 , A^rawal and Kasana[2], Sin£h 
and Prasad [80], Sahai and Prasad [71], Singht79], Singh, Varshney 
and Prasad[81] and others, 

E^FIMITIOMS AMD MOT AXIOMS 

In this section ve give some basic definitions and 

notations vhich we use throughout the thesis, 

The symbols ER ,CN ,CN^ and [x] denote the set of real 

numbers, positive real numbers, positive integers, non-negative 

integers and integral part of x respectively. 

Throughout the thesis, the symbol fl has been used as a 

generic constant independent of f (the function under 

considerat ion) and n (as in S , B and P ). 

^ ' n’ n n^ 

ic 

For any segment I of GR, C(I) and C (I) are the spaces of 
continuous functions and that of k times continuously 
differentiable functions on I respectively. The class A-C,[a,b] 
is the collection of absolutely continuous functions on [a,b] 
and 

loc A.C.(I) = f € A.C,(I* ) : I* is a compact 

sub- interval of I 

Let 1 < p < 00 and I be an arbitrary interval of OR , 

Lp(I) = f ^ measurable on I : J jf(x)j^dx <co 




and 



1 


1 

• lt«p - ( J-' 

L^( I ) = -^ f measurable on I : ess. sup jf(x)j < oo ^ 

(I) " " ess-aup |f(x)l 

De£ init ion 1.5,1 : Let 1 p < oo and I be an arbitrary interval 
of CR . For II « IH let 

u"(I) = I f « LpCD : « loc A.C.(I) and 

Ml„,p = |flp - |£'“’llp • 

Def ini t ion 1,5,2 : For f-«L ^[a,b] , l<p<<st>, the Hardy-Li tt 1 ewood 

najorant of £ is defined as followH 

H^(x) = sup I I J jf(u)|du j 

t^X ‘ • X 

a^t:^b 


Definition l,5,3 [65]:Given a sequence {L^(‘,t)}, n«lN , of linear 
positive operators, the linear combinations , t ) , r^iH , is 
defined as follows: 


Let dQ,...,d^ be r+1 distinct positive integers, then 






L. (■ ,t) d"^ 

d n r 

r 



'^3 
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where is the deteminant obtained from the displayed 

deterisinant after replacing the entries of the first column by 1. 
This can be shown to be equivalent to the linear combinations 
used by flay[55], defined as follows 

Let d^,d^,-..,d^ be r+1 arbitrary but fixed positive 
integers. The operator S^(f,r,t) is a linear combination of 


^(f ,t ) , given by 


S^Cf.r.t) = 


FO 


c(j,r) S^^^Cf.t) 


where 


c( j,r) = YJ 

i = 0 "^i 

j 


, r 0 , and c ( 0 , 0 ) = 1 


The linear combinations used in the thesis are a general i zat i on 
of the above. 

Def ini t ion 1 . 5 . 4 [ 2 5 ] : Let n,r « IN and {L^(- ,t)} be a sequence of 
linear positive operators define 

r-1 

L (• ,t) = V C(i.r) L (• ,t) 
n , r ^ ^ n. 

i=0 ^ 

where C(i,r) and n^ satisfy 

(1.5.1a) i) n=n^<n^<... < n^^^ < C.n , C > 1 is 

independent of n. 




r-i 



(1.5. lb) 

ii) 

I 

i = 0 

CCi.r) = 1 




r-1 



(i.s.ic) 

iii) 

I 

i=0 

jCCi,r)l < K 

( K independent of n ) 



(1.5. Id) iv) 


0 


s 


1,2,..., r-1 
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r-1 

z 

i = 0 


C(i,r) n 


-s 


The next definition is that of a maximal operator. 

Def init ion 1 . 5 > 5 : Let t be a differential expression of the for® 
n 

Ic 

, where each a^^ is a complex valued function on an 

0 



arbitrary interval I of IR and D s . For each define A^(I> 

to be the set of all complex valued functions f on I for which 

^(n 1) iq absolutely continuous on every compact 

sub-interval of I. Let A^(I) = CCI). The maximal operator 

T corresponding to t is defined as follows 

'r,p,q 

The domain of the operator T is given by 

'r,p,q 

D(T ) = lf : f«A CI)nL (I) , Tf«L ( 1)1 and 


T 

T 


f 

f p » q 


T f 


n 



a. 

k 


1.6 SOME GCHERAL RESULTS 


f « D(T 

V T 


»p,q 


) 


The following result is about certain interpolation 
inequalities. These inequalities provide a bound for the norm of 
an intermediate derivative in terms of the norma of the function 
and its higher derivatives. 

Lemma 1 ■ 6 . 1 [ 31 ] : Let f « U^(I), lipi<io and ra « IN . Then, 

i) All the derivatives f^^L OiVcSm, are in L^fl) 

ii) For each «>o, there exists a constant K depending only 
on «,p and the length of the interval I( I may be unbounded ), 
such that for all f « U®(I) 



s 1C Jflp ♦ <= 

The next result is about the Hardy-LI ttl evood flajorant of 
a function f € L^[a,b], l<p< 0 D . 

Learn a 1,6.2 : Let f « L^[a,b], 1 < p < oo and be its 

Hardy-Li tt 1 ewood aajorant, then 


1/P 


l*£«L C..bl ^ 2 I^IIl ra.b, 


P. . . ^ P- 

The above lemma follows from [103, pp32] and [84, ppS], 

The following generalization of the Berens and Lorentz lemaaflS] 
is due to Avadhani[7]. 

Lemma 1 , 6 . 3 [ 7 ] : Let c>0, Q be an increasing function on (0,c] 
and for some r^dW let « ^2r such that for all h,t « (0,c) 

2r 


n(h) M ^^(t) + o(t)j 


Th en 


0(h) = 0C<^(h)). 

Lemma 1 , 6 , 4 [ 3 1 ] : Let I be an arbitrary interval and t be 
di f f erent ial expression 
n 


^ integrable on I 0:ik:5in~l and 

k^O 


be locally an L function on I, 

a ^ CO 

n 

Then the maximal operator T l:Sp,q:S<ois closed. 

^ . P » Q 


the 
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1.7 THE OPERATOi&S S ^ B AMD P 

n tt Tt 

Bcmnsldin Falynam±ml&: Ever since their origin in the work of 
S . 1 . Bernstein , these polynomials have been attidied quite 
extensively e.g. Becker[93, Becker, Fink and Nessel[103, Berens 
and Lorent2[15], Butzer[20], Chen[213, Cheng[23], 

DitzianC 25 , 26 , 27 ] , Ivanov[41], de Leeuw[463, Lorentz [ 49 , 50 ] , 
May[55), Hicchel i [ 58 ] , 2hou[102] etc. 

Berens and Lorentz[15 3 proved global inverse theoreia for 
Bernstein polynomials , they established that 

”For f « C[0,13 and 0 < ot < 2, the following statements are 
equivalent 



ii) f « Lip\ai;C[0,l]y 

iii) for 0 < oi < 1 : f « Lip(ot ; CC 0 , 1 ] ) 


for ot=l ; f « Lip (1;C[0,13) 

for 1 < « < 2 : f « C*[0.13 and f' « LipC«-l ; CE 0 , 1 3 ) 

★ 

where Lip and Lip are Lipschitz and Zygmund classes 
respectively and X=xCl-x).” 

Becker, Fink and Nessel[10) studied approximation by these 
polynomials in weighted BV spaces. Butzer[20] considered certain 
linear combinations of these polynomials, he obtained the 
following result 

"If f(x) ia defined on [0,13 with lf(x)| i K and if 
exists at the point x, then 

{e.^*‘‘'"(x) - f(x)f = OCn"*^) 
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ior€ov€r 


- f(x)[ = o(n~‘‘) 


as n ' — ► 


where ft (x) = B f(x) and 

n n 

(2''-l)Sl‘**'^Cx) = 2*^51' - )r'®‘‘~*’cx) . 

n ju n n 

He further shoved that 
f 2k^ 

If f “^(x) exists and is continuous on [0,1] having a 


nod'ttlus of continuity 


|SJ>^**'^(x) - f(x)l s: max -f — 

^ n 


, -1/2. C' 

k “2k^’^ ^ ’ k+ 

n 




where C = C(k) and C' = C' (k,f). 


Local inverse and saturation theorems for linear 
combinations of Bernstein polynomials were obtained by May[55]. 
He considered a more general linear combinations and established 
his results for a wider class of operators, which are termed as 
exponential type operators, he proved the following 


Theorem 1 . 7 . 1 f 55 ]:( Inverse theorem)- Let 0<«<2, X..,/X iC, 

n+1' n 

n«04 and a^ <a 2 <a^<b 2 <b 2 <bj^ . 

Then (1)— ♦ (ii) — ♦ (iii)— ♦ (iv) where 


i) sup |S (f ,k,t)-f(t)| = 0(X 
a^St:Sbj^ n 


ii) f « Li2(«,k+1 ; a^ .b^ ) ; 


iii) (a) If p< «Ck+l) < p+1, p=0 , 1 , 2 , . . . , 2k+l , then 


exists and « LipCoi(k+l )-p; a^ ,b 2 ) , 

(b) If «(k+l) = p+1, p=0 , 1 , . . . , 2k , then exists 

and belongs to Lip* ( 1 ; a 2 , b 2 ) 
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„ „ -a(k+ 1 ) / 2 

(f.k,-) - ,b ] - ^ 

n a » 


Uhen a = 2 we have the following 
Theor ea 1 . 7 . 1 1 SS ] (Saturation theorem): If 

well, then (i) ■* (ii) -♦ (iii) and (iv) -► (v) -*■ (vi) where 


are regular as 


i) ^ sup |S- (f .k.t)-fCt)| = 0(1) 

^ a^itibj ^n 

ii) f(2k+l) ^ A-C.[a 2 ,b 2 ] and f(2k+2) ^ L^[a2,b23 

iii) ,k,- ) - fjf = 0(1). 

^ a ’ a “* 

1r + 1 

iv) X*^ ^ sup (S. (f ,k,t)-f(t)| = 0(1) 

" a^itib^ n 

2k+2 2k+ 2 . . 

V) f « ^[a-,b,3 and £ Q( i ,k , t ) f '^ ^ '' ( t ) = 0, 

^ ^ i=k+l 

where Q(i,k,t)are certain polynomials in 

Vi) x''"‘|S^(£.k, ) - = 0(1). 

a a 

Ditzian[253 proved a global inverse theorem for the linear 
coabinations of Bernstein polynomials, he established the 

following 

"For f 4t C[0,1] and 0 < fJ < 2r the following are equivalent 

i) |Bn,r^ " ^8 ^ 0(n“^''^), n — od ; 

ii) f « V ’ 

where A. f(x) = f(x+h/2) - f(x-h/2), X = x(l-x), Cs C[0.1]. 
n 



IS 


2r 


and CC 


= \ £ : loc A.C.(0,1) and sup j X^f ^ ^ (x) | | 

’■^2rV = { ^ = KCt^'^.f) = O(t^) J , 

( |f-«i ■" t fle|(2i. }. 1 ^ 8 = sup |fCx)t and 

I J 0:fixs:i 


Oixsll 

wher e 


KCt,f) = inf 


2r' 
r^(2r) 


|f| = sup 
Oi^xsCl 

As for simtil tansous approximation by linear combinations of 
Bernstein polynomials we have the local inverse theorem 1-4.1 of 
Rathore and A6raval[67]. 

Sxamz-*MirakjAn«Hill<» op4&ra'torai These are a generalization of 
Bernstein polynomials to the infinite interval [0,oc»), Becker[S] 
obtained the following global inverse theorem for these 
operators 




'For N « [N^, let w^Cx) = 1 , = (l + x”)“^ and 


1 0 ,oo) : Wj^f is uniformly continuous and bounded on { 




then for f « and 0 < ot 2 


Wjj(x)|SnfCx) - f(x)l i Kjj ^ 


01/2 


n«iN and x«[0,e&)^ is 


equivalent to f « Lip^oi = if«C^: sup = 0(<S^), S ol 

" I " 0<h^S ^ ^ J 


where |f|j^ = } f (x) ( . ’’ 

As for approximat ion by linear combinations of these 
operators we have the following results due to Rathore[453 
**If f^^^^(x) exists at the point x, then 
jS (x) - f (X) j = 0(n ) 
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and 


- £Cx)j = o(n"‘')- aa n 


n 


He further showed that 
( 2k) 

If f^ '^(x) exists and is continuous on <a,t>>, then 


Cx) - f(x)j ^ max ). t 

k n n J 

where C = C(k) and C' = C" Ck,f), x « [a.,b] and <a^b> denotes 

some open neighborhood of [a,b] with a i 0." 

The combinations are same aa those of Butzer[20]. 

flay[55] proved local inverse and saturation theorem for 
linear combinations of these operators and Rathore and 
Agrawal[67] obtained the same for • simultaneous approximat ion . 
These results have already been mentioned. 

Sz4sz operators have been studied by various others 
including Amanov[ 6} , Cheng[22], Fethe[643, Xie Hua Sun[963, 
Zhou[99,100] and others. 

Bsrmtbsln-ICantorovibch polynomials; Bernstein polynomials are 
not bounded operators on L^[ 0 , 13 - Kantorovi t ch[ 4 2 ] gave the 
following modification of these polynomials 
n 




k=0 


k-H 

n+1 

(n+l)J fCt)dt 
k 

H+T 


F turns out to be bounded operator on L [0,13. liJlpiCeo. A brief 
n p 


survey of some of the works in the literature 
Bernst ein-Kantorovi tch polynomials is being given below. 


for 


L^-approximat ion by Bernst ein-Kantorovitch polynomials has 


beeh studied by Hoef f ding[ 40) , Bojanic and Shisha[183i Becker 
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and Nessel [ 1 2 , 1 4 ] , Becker, Lautner, Neaael and Uorffia[ll], 

Grundaann[ 34 , 35 ] , Butzer[19], Ditzian[26], Ditzian and May[29], 
Maier[53], May[56), Miil 1 er [ 6 1 ] , , Nagel[62], Reimenachneider [ 69] , 
Sinha[83], Totik[ 86 , 87 , 88 ] , Uinalin[92], Agrawal and Praaad[4], 
Zhou[101] etc. 

Ditzian and May[293 have proved direct, inverse and 
saturation theorems for these polynomials. The inverse theorem 
is as follows 

Let 0<«<2, lip<«> and f«L [0,1]. Then for a<a. <b. <b, 

P 11 

IP f-f|, , . , = 0(n n — ► at> , implies that 

■n“Lp[a,b] 

<^^(f,h), - , T = OCh"^), h — ► 0. when oi = 2 , following is the 

2 Lp[a^,bj3 

saturation theorem 

IP f-flr r 1 . 1 = ^)t n — ► <“i implies that f coincides 

■ n "Lp[a,b] 

a.e. on [a,b] with a function F such that F' « A.C.[a,b] and 

F^^^ « Lp[a,b] for p > 1 and F' « BV[a,b] for p=l and 

I P f-flr r 1 - 1 = 0(1^ implies that f coincides 

p 

a.e. on [a,b] with a function F satisfying for some constant C 
t(l-t) F' (t) = C for t « Ca,b]. 

Bounds for error in Lp-approximat ion for p=l and p>l has 

been studied by Grundmann[ 34 , 35 ] and ritiller[61] respectively. 

Bojanic and Shisha obtained similar estimates in weighted 

L«-norn. For Differentiable functions bounds for error in 
1 

approximation has been given by Hoef fdingt403 and MtillerE 61 ] . 

Maier[53] proved global approximation theorem in Lj^tO,!]. 
He obtained the following 
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Let S 


{ 


fCx) = k + J dt, keK , 

and h « BV{0,1] satsfying h(0) = h(l) = Q J 


Then [0 1] ~ if and only if f « S, and 


j-Q j = o(n if and only if f is constant a.e. 


This has been extended to L[0,1] , 1 < p < m , by 

Reii»enschneider[ 69 ] . Ilay[56] proved global saturation theoreia 
along with a correction term in weighted L^[0, 1] norm, where 1 ^ 
p <‘^ OD. Becker and Nessel[12] have charact er ized the saturation 
class of the Bernstein Kantorovitch polynomials. 

Totik[87,88] has obtained the following inverse theorems 

*'Ifl:Sp<<n, 0<oi<l and f « L^(0,1) then 

= OC”'") ““ 


b. = 0(h“) 

are equivalent.” 

Here A*(f;x) = f(x-h) - 2fCx) + ffx+h). He later showed that 

n 

(b) is not required in fact (b) is implied by (a). 

SinhatfiB] proved local direct, inverse and saturation 
theorem for linear combinations of Bernstein kantorovitch 
polynomials. 

Let I = [0,1] , = [aj,bjl, j=l,2,3 where 0<aj<a^^^ and 

b ' .<b-<l and P (f,k,t) is a May [55] type linear 

j + 1 j n 
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coabinat ions of Bernstein Kantorovitch polynomials. 

i) Let l<p<«> and f « L^CI). If f has (2k+2) derivatives on I 

..j*v ,(2k+l) ^ s ^(2k+2) 

with f' ^ « loc A.C.CIj^) and f^ 


L ( I , ) then 
P 1 


|P^(f ,k, - )-f|L { 

p 2 n 


C2k+2) 




ii) Let f « L^CI). If f has 2k+l derivatives on with 

C 2k'> f 2k;+l '( 

f'' '*« A.C.(Ij^) and f'' then for some constant M 




^ / y f C 2k+ 1 ) y ’’ 

k+1 ^ " 


n 


BV(Ij) 




iii) Let 0 < ot < 2k+2, 1 ^ p < oo and £ « L^(I). Then 

|P (f,k, )-PlL (I , “ OCn'"'^), n — 

p^ 1 

iaplies that 

«2k+2^^’^'**’ ^2^ = 0(h“), h — 0. 

iv) The following implication (a) — ►(b) — ^Cc) and (d) — >(e) — »■(£) 
hold 


Ca) iP^Cf.k,- )-fj|j^ = OCn 

1 


(b) f coincides 

a. e . with a 

function F on 

having 

2k+2 

derivatives such 

that when p 

> 1. F^^k.l) ^ 

A.C. (I^) 

and 

p(2k+2)^ 

P 2 

and when 

P = 1. F^2k)^ 

A.C.CI^) 

and 


p(2k+l)^ BV(l2). 

(c) |P^(f.k..)-f|j^^^,^, = 
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Cd) |P^(f,k, )-f|^ = o(n 

1 

(c) £ coincidea a. a. with a function F on whare F is 

lU 

2k+2 tiaes continuously differentiable on and satisfies 
„ 2k+2 

Q(j,k,t) F^^^Ct) = 0 

1 

vhara Q(j,k,t) are cartain polynomials in t. 

Cf) (I3) ' 

As for the global inverse theorem for linear combinations 
of Bernstein Kantorovitch polynomials Uin 8 lln[ 92 ] proved the 
following 

"Let 0 < ft < 2 t and 1 ^ p i Then, for f « L^tO,!] 

IP f - f| = 0(n“^^^) 

■in,r ”p 

if and only if f « ^ 

p, 2r 

is 8 COICrENTS OF THE THESIS 

Apart from Chapter I, the present chapter, the thesis has 
other four chapters II-V. A chapter wise stnBiaary of the 
regaining chapters is given below. 

Chapter II: Ordinary approximation by linear conbinat ions of 
SzAsz-mrak jan~Hille operators is studied in this chapter. In 
§1 some preliitinary results about the operator are given and the 
spaces and . are defined. Certain Bernstein type 

Z r dv f'<p 

inequalities are established in %2 and §3. A direct theorem for 
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linear conbinatlons of S f’a, f«i)^ , is obtained in §4. The 

n Zr 

final section of the chapter contains a global inverse theoreii 

of a general order for linear combinat ions of S . 

n 

Chapter III : Siiitil taneous approximat ion by linear combinations 

of SzAsz-lfirak jan-Hille operators have been studied in this 

chapter In %1 generalizations of the Bernstein type 

inequalities of the previous chapter are given . §2 contains a 

direct theorem for simultaneous approximation by linear 

combinations of the operator . Inverse theorem of a general order 

for linear combinations of the operator is established in §3. 

Chapter IV : concerns with simultaneous approximation by linear 

combinations of Bernstein polynomials . §1 contains some 

preliminary results about the Bernstein polynomials and 

definitions of the spaces and . .In §2 Bernstein type 

2r fV 

inequalities for f « C^[0,11 and f « established. A 

direct theorem for simultaneous approximation by linear 

combinations has been proved in -§3. The final section, §4, 

contains a global inverse theorem of a general order in 

simultaneous approximation by linear combinations of 

Chapter V: Here the object of study is simultaneous 

approxlmat ion by linear combinations of Bernst ein-Kantorovitch 

polynomials . §1 contains preliminary results about the operator 

and the spaces II** ^ and , 1 p < eo. The next two 

p, 2r p, 2r 

sections, §2 and §3, contain Bernstein type inequalities for f 
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belongins to U® J^®®P®ctively . In % 4 

theorem for linear combinations of P f , f « U“ , . 1 

n P,2r 

has been proved- In % 5 the same theorem is established 
case p = 1. The case p = os is dealt with in §6. 


a direct 

< p < m , 

for the 
The last 


section contains the inverse theorem. 



CHAPTER II 


GLOBAL INVERSE ThEOREM FOR LI^EAR COMBINATION OF 
SZASZ-MIRAKJAN-HILLE OPERATOR 

In this chapter we consider linear combinations of the 
Szasz-Mirak jan-Hi 1 1 e operator. For f « C[0,«>) this is given by 

ct> 

S (f,x) = S f(x) = V q , (x) f(-), n « W, k « IN 

k=0 

/ xk 

, , ^ -nx (nx) 

' -TTT 

The first section contains some preliminary results about S^f(x) 

and some definitions. These are used in establishing 

later results. Bernstein type inequalities for f « C[0,oo) and 

f « , which will be defined in section one, are proved in 

Z r 

second and third sections respectively. A direct theorem for 

linear combinations of S f(x), f « is proved in section 

n z r 

four. The last section contains global inverse theorem of a 
general order for linear combinations of S^f(x) 

2m 1 PRELI MI HASa ES 

The operator from C[0,<») to CtO,oc») is bounded, we have 

CO 

C2.1.1) lS^£(x)j ^ ^ ^ 

Next we give two lemmaa concerned with the kernel q , 

O, It 

operator . 


(x) of the 
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LEMMA 2.1.1* Let r e W . then 

Q . 


(2.1.2) (x) 




I ,ibS:0 


, , ^ (k-nx)^ 21 in 

cCr.l.m) 

X 


where l,a « c(r,i,ra) is a constant independent of x,n and k 

and the sua runs over all values of I , n for which v-2l-m i 0 . 


Proof : Ue have 

d , . , , N , ~<^3C (nx)^ 


-nx Cftk) 


_ (k-nx) 




Since r = 1, the only possible values of I , o 2: 0 such that 

r - 21- *20 are 1=0 and m = 0 and 1. Therefore. 




= I 




I ,aS:0 


where c(l,0,0) = 1 and c(l,0,l) = 0. 

So the lenaa is true for r = 1. Suppose it is true up to r-1. 
(r-1 ) 

Assuae q^ ' (x) can be written in the form (2.1.2) where 
r— 1 — 21— a 2 0. Therefore, 


n,k dx 


I ,a20 


.r-l-2l-a I 

p-l,t — In.kf*) 

X 


I ,a20 


.,r-2l--B I 

X 


.. .r-2l-a-2 1 + 1 


f 1 1 ^ Ck-nx)^ ^ ^ ^ 

- Cr-1-1) i i-jri '>„.k'*> > 

X 
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note that for r-l-21-ii = 0 the second term within the brackets 

will not be there and when r-l-21-m ^ 1 then r--2l-is~2 > 0. So 

the whole expression can be grouped together and written as in 

(2.1.2) with the sum over all possible values of i , m ^ 0 such 

that r-2l-a ^ 0. This establishes the lemma for r. Hence by 

the principle of induction the lemma follows for all r « HI ,« 

o 

LEMMA 2.1.2: For m « CN and x « f 0 .od) we have 

^ t f ^ 


€0 


I 

k=0 




n 


m 


ml 




(k+1) X 

k 


m 




Proof : 


n® 1 

S ■’n.k ' r» 


-nx 


k+m 


(k+l) 


x“ (k+1) 
1 (k+1) 


m 


ra 


(k+1) 


TTT 


. k -- sk+lB 

(k+m) -nx (nx) 

Hi ® IiFiryT 


m! -nx (nx) 
^ ® (k+ra) 


k+m 


So 


k=0 ^ k=0 


~nx (nx) 


k-i-m 


(k + m) 


m I 


Following lemma expresses the derivative of S^£(x) in terms of 
the forward difference operator A. 

LEMMA 2. 1 .3 [54] : For f « C[0,<») and m « 04^ 

CO 

(S^f)^ ^(x) = S^ ^f(x) = n ^i/n 


k=0 


where A^f(x) = f(x+h) - f(x). 
n 


The next lemma ia about the momenta of S_ , 

n 



X) , X) 


C0 




-I ’n, 

k=0 

^ Z 

n f— 


,,Cx) (— - x)^, a « IN 


.(x) (k-nx) 


k=0 


00 


LEIGIA 2.1.4: Let T ex') 


= I 


(x) (k-nx) , a « [N 


then 


k=0 




(2.1.4) T 


n , a 


[a/21 

‘ Z "j.: 

j = 0 


(nx)- 


where a, are conatants independent of x and n 
J . a 

Proof : 


(2.1.5) 


and 


^n.O = 




n.l 


k^O 
n 00 

(X) = 

k^O 

«o 


Z ^n., 


(X) (k-nx) 


k 

Tk^l 


E (nx) -nx - 

-7-n — T-r . e ~ nx = 0 


k=l 


Ue have the following recurrence relation [8,65] for T (x) 

n , a 

(2.1.6) T ^.(x) = x( T ' (X) + a n T .(x)) 

n,s+l n,a^ n,a-l^ '' 

Ue coaplete the proof using induction. For a = 2 and 3 we have 
using (2.1.6), 

I^jCx) = n* 

3 (x) = nx 

So (2.1.4) holds good for a = 2 and 3 . Suppose it is true upto 
a, we will show that it ia true for s+1 as well. Substituting 


for T ^(x) and ^ .(x) in (2.1.6), 

n , s rijS-l 
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Ca/ 2 ] 


1 = 1 


a -1 


a. _ (nx)^ j + a n 


J .8 


J^l 


*J.a-l '”* 5 ^ ] 


[ 8 / 2 ] 

= X ^ *j8 ^ + 811 


t^l 


Fi 




= ( 


[8/23 


Fi 


^ j (nx)-* + a 


r®~^i 

t”r"J 


F 1 




j + 1 


] 


■( 


[a /21 


Fl 


a, j (nx)-* + a 
J » ® 


[®“^ 1+1 


X *J-l,a-l ] 


j = 2 


[ 8 / 2 ] 


Fl 


g j (nx)-^ + a 


[^] 

I 

j = l 


[^1 


a^^^ j (nx)-^ + a 


y *J-l.a-l • 

j = 2 

[ 8 / 2 ] 

Y. ‘j-l.a -1 • 

j = 2 


a odd 


a even 


Therefore suitably redefining the constanta a^ ^ the above can 
be written as 


I 

j=i 


*J,a+l 


This conpletes induction and hence the lenna.a 

As a consequence of this lemma we have a very useful 



Corollary 2.1.1 : For x 2: A/n, A some constant, we have 


jT^^gCx)j M Cnx)^®^^^ s a 2 


Proof : Since x 2: A/n, so nx/A 2: 1 always. 

Leffiffla 2.1.4 gives us, 

[a/23 





J,S 


I (nx)- 


.nx. [s/2]- j 
''A ^ 


This together with 


s H 


Tho S^acAB 3>- and S>^ 

^ 2r 2r, ip 

Definition 2.1.1 : A function f « C[0,<») is said to belong to 
*2r exists and 

a) ^ A.C.(0,®) 

b) sup {x'^f \x) I < <a, i = 0 r-1 

3(2:0 

c) ess .sup jx‘^f^^‘^^(x) j < ® 

3(2:0 

The space ^2r normed by the norra 

l^l<l,2r ' «^l» * * I*''*'*"'!. • 

where 


= ess.sup j f(x) j 
3(20 


For p « $ 2 j. » ^*^® space ^ is given by 

l^f « Ct0,a>) : KCt^*^, f) = 0Cp(t))J 
where K(t,f) is the Peetre’s K-f unctional, 
K(t, f) = inf f |f-g|^ + t|g|^ 2 T 


2r 


The following leama is an interpolation inequality. This 
provides a bound for terms of 

I r£C2r)- 

I* * I®- 



LEMMA 2.1.5: Let f « . Then fiiven « > 0 there exlata a 

2 ^^ 

conatant M independent of £ such that for i = 1, . . . ,r-l 


(2.1.7) 

|x^f 

(r + i) 





Proo f : 

Let 

f « 

•®2r 

define a 

function F on 


by F(a) 

= £(0 

(e®) 

Then 

F(s) « C(IR) 

|F|^ = 


For 1 

= 1, . - 

- .r 

, we can find acalara a^ ( i ) , 



such that 


( 2 . 1 . 8 ) 


F(8) = 




da ' 


^-,(1) (e») 

... * .» (.*) 


Let X = e , so 

(2. 1.8a) F(a) = x^ fCr+i) ^ a, (i) x^"^ j^(r+i-l) 

da 

+ ... + a^Ci) X (X) 

Consequently we can find scalars ( i ) , ..., such that 


(2.1.9) X f^ (x) = — 


i-1 


. FC«) ♦ — pT- FCa) ^ 

ds da 


+ b (i) — F(8) 
da 

and we let b^(i) = 1. 

Since f(x), x^f^*^^^^(x) « C[0 ,od) for i = l,...,r, (2.1.8a) 

implies that F(a) and F'' '^(a) « C(CR) 

Uainfi Lenna 1.6.1, for the given « we can find a conatant M^^ 
depending only on « such that for i - 1, . . . , r-1 
C2.1.10) s "l |F|„ - ^ 


where 
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(2.1.11) a = 


iJIlr {Jj < 


since, b^(i) = 1 for all i , a 0 


Uithout loss of generality ve can assume 

r-1 

( 2 . 1 . 12 ) 1 - « 


E lb (r)l > j 
j = l J ^ 


Using (2.1.9-10) we get 

-i^Cr+i), 


Cr), 


(2.1.13) ^ « MJF|^ + ^ 

choosing such that for i = 1, r-l 


C£> 


"2 1^1-. * - 




and using (2.1.9) for i = r 


|bj(r)| ( |F1^+ 




r-l r-l 

^ Cl - ^ y lbj(r)l) -M2 y lb_j(r)| |F| 


r-l 


(2.1.14) 1 ^ - «2 y 1‘>J<'-)| |F|^ (uaina 2.1.12) 

j^l 

The estimates (2.1.13-14) imply for i = 1, .-., r-l 


I*' * “ «i iin„ - * 


r-l 


"2 Y. 


j=i 


^ n «f|l„ * - I*'' 


= « ' I*"" 


This proves our assertion,! 



Corollary 2.1.2: For f « , 

i. 2r 




n PiOC 

where W is as in Lesma 2 . 1 . 5“- 




i = 1 , . . • , r-1 


THEQREIi 2.1.1 : The space ^2r cofliplete with respect to the 


l-ld.ar ■ 


2r 


Proof: For £ « define 

, Zr 


m 


Z 

i=r 


. In view 


of the above corollary we have that |'| and 1*1 


are 


equivalent on , 

4 r 


id, 2r 

Thus it is sufficient to show that 


{f ) and {x^ ^ 

n' n 


C ^2r ’ 8 8 ^ complete. 

Suppose {f } is a Cauchy sequence in C^2r * 8'i then 

^ 1 ^ 

r , ... , 2r, are cauchy in 

( C[0,oo) , I * 1^ ) - But ( C[0 ,oo) , i * 8oc> ^ being complete we have 
f and , i = r,. ..,2r , in C[0,<n) such that 

l^n’^i« ^ = r,...,2r go to zero as n 

goes to infinity . 

Def ine 

2r 


T = £ X D 
i = r 

2r , j 
T = E X D 
3 i = ^ 

i^3 


and 


x-^ 


j = r , . . . , 2r. 


Following the notations of definition 1.5.5 we have 

^C2r-1) 


D(T 


D(T 


« loc . A . C . ( 0 ,oo) and |Tf | < m i and 


} 


,00, <o^ { ^ 

«,«’ . lon.A.C.CO.n.) and < <o | 
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clearly 


2 r 


2 r 

n DCT 

j = r 


T . , OOP. CO 


) n dct 


T .CO.OO 


) - 


By leana 1 . 6 . 4 , T and T , j = r,..., 2 r, are closed 

T, 00,00 T^,00,00 ^ 

2r 

Also T f converges to F g. and T f converges to 

T ,00,00 n “i T .,00,00 n 

2r J 

E 8; "65 'tl'® sup norm. Thus the closedness of the 

i=r ^ 


operators iaply 


2 r 

f « n dct ) n dct ) x 

• T . ,00,00 • ' T ,00,00 T 

J=r j’ ’ 

2r 


2r 


f = E «• 

i=r ^ 


and 


f=Egj -8; , j=r,..., 2r. 

i=r 


T.,00,00 .r_ i "j 




i=r , . . - , 2r , 


From here it follows that f « ’^2r ^ ^ 

Hence the theorem. ■ 

2.2 BERMSTEIN TYPE IMEQMALITY FOR t « CC oa> 

LEffMA 2 , 2 . 1 ; For £ « C [0,oo), r « W, 

i " n" ll'l„ 

Proofs Since ^ S 2 ^‘'|f|, 

j = 0 

By 1 eaaa 2 . 1 . 3 , 


k=0 


. .r r ^2r 
< (nx) n 2 


<30 


00 


I ■’n.k'*: 


k=0 


Therefore, 
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C2.2.1) 1*'' s B 


X 1/n 


For X ^ 1/n we aake tise o£ the lemma 2.1.1 which tells us that 
(2r) 

k ^ Bum of terms o£ the type 

lr-21 
Jr-i 


.2r~2l-m I 

cC2r,l,.) 2- ,^(x) 


X 


where l,ii ^ 0, 2r~2l-m ^ 0 and c(2r,l,m) is a constant 

r £ 2 r 1 

independent of n and k. So x S^ ^£(x) is a sum o£ terms of 
the type 


I ^ 

S(l,m,n,x) = cC2r,l,iB) \ q j^(x) (k-nx) 


Zr-2l -1 


k=0 


Thus , 


I • 


<» 


jS(l ,n,n,x) I :S tt \ j^(x) | k-nx| 

* ^0 


.C|) 


* k^O 


2r-2l -B 


Since E q . (x) = 1 . The rifiht hand side of the above 
n y X 


k=0 


inequality can be shown, using Cauchy Schwarz inequality, not to 
exceed 


Ob 


" ( I '■n.kt*: 

^ < 


) (k-nx) 

II. , IV. 

the term within the brackets is T 


4r-4l “2m'' 


1/2 


Here,, 

Therefore, corollary 2-l.i gives 

I 


n,4r“4l“2m 


(3C) 


|S(I..,n.*)| S n |f|^ [ (nx)2‘'-“-’ ] 


1/2 
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= « n" Jfjl^ 

1 

i 

( 2 . 2 . 2 ) i n n^ 8f}l^ 



Note that in the above use has 

been made 

of the 

2r-2l-ra i 0 and m i 0 . 



r C 2 r 1 

Since x S^ '^ffx) is a sum 

n 

of terms 3(1 

,m,n,x) 

(2.2.3) ix'^S^^'^^f(x)l n 


1/n 


The inequalities (2.2.1) and (2.2.3) toeether give us the 
1 emma . ■ 

Corollary '2.2.1: For f « C[0,oo) and r « tN 


IVId. 


2r 


n n 


Proof : Using (2.1.1) lemma 2.2.1 and the fact that 

<Xt 

k=0 

the corollary follows. * 


3.3 BERNSTEIN TYPE INEQUALITY FOR f « 




LEMMA 2.3.1: For £ « :D 


2r 


Proof: Since f « , usinfi mean value theorem , for k^i 

2r 


2r, 2r , sup 

•‘^l/n^^n^i ^ lE < y < 

n ^ n 


1 )| 




I sup 1 

“ k < ^ < k-»2r ^ 

n n 


(2.3.1) 
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Further for k = 0, using Taylor’s expansion with integral fora 
of remainder 




C2.3.2) 
Now , 


Ml ^ 


2r-l 2■^ 




1=1 


j=l 


y^l ° 


2r-l 

= ^ S, + I , say. 


1 = 1 


2r 


J/n 


1 r2 rl r 2r-l ,^(2r), ,,, 

T2r-i)i L I J J -^0 * ' 


(2.3.3) M n"*^ 


.1 


1-1 


and using j = E a. j (j-1) . . . (j-i) 

i=0 ^ 


j=l i=0 


( j-i)f^^5(i) 


(- 1 ) 


I ! 


a, 2. ... p-:;] c-iM 

^ i^O j^+1 





2r . . . 


C2r-i) 


1-1 


(- 1 ) 


I I 


i=0 


2r-i-l 

j=0 


j + i + 1 ^(1)^ 


n 


1-1 


k ‘ 


(2r-i) C-1)^*^ k/n 


Thus , 


1-1 


ISJ i M n ^ ^ jA 


2r-i-l 

1/n 


( O^i + 1 




i = 0 


1-1 


(2.3.4) s: M n ^ y K sup | A^^ ^ ^ ^ (il^) j . 


i = 0 


Os: j3:i-i-i 


Therefore, using mean value theorem. 




sup 

i+ j + 1 ^ ^ < Jl. + j + l + 2r-l 




n 


n 


n |t 


> a > 


Hence , 


(2.3.5) jSj S M n"^ 


Inequalities (2.3.3) and (2.3.5) together liaply 

^4 / * 

1/n 


(2.3.«) n^‘‘|A2^„f(0)| S B n'' |*''f 


So , 


<n 


x-^Isf^fCxJI S x-^ y 

k=0 



-0 


r r 2r,*2r 


- X n 1^1 


00 

2r 

V ^ j * 2 r ^ . k . I 

+ n 



k=l 


«0 

S H x-- Ix'^fC^'^'l^ [ 



k=l 






m 


:=0 


(by (2.3.1) and (2.3.6)) 


Froa here the result follows by lemma 2.1.2. 


Corollary 2.3.1; For £ « d> 


2r 


l®nf|d.2r=‘" l|f»d,2r 

Proof: By mean value theorem 




k=0 


This together with (2.1.1) and lemma 2.3.1 gives the corollary.! 


2.4 DIRECT THEOREM FOR f « JD^ 

i2r 

THEOREM 2.4.1: For f « 

z r 

IS f - f| ^ M n~^ Iflj. , 

» n*r « «d,2r 

Proof : Ue will prove the theorem in two parts. 

Case a: Let x it A/n, A is some constant independent of n , 

Using Taylor’s expansion, with integral form of remainder 

r“l <0 

S_^ ^f(x) - £(x) = Y y 

i=0 k=0 ^ 


kiP 
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2r-l 


r-1 


C£t 


1=1 i=0 k=0 ^ ^ 


r-1 


k 
n , 


* TItWa Vk'*) J ^ 

T^O 1^0 ^ ^ 


(2.4.1) = S^(x) + S^Cx) , say 

Therefore, by lenna 2.1.4 , 


2r-l 

r-1 





I 

C(l,r) n 

. ^ T , (X) 

1 n . , 1 '• 


1 = 2 

i = 0 


1 


2r-l 

r-1 


[i/2] 


•I 

V C(i,r) n. 

T 

1 (nj*)J 

2* wp* 2 

i = 0 


j=i 


r 

[i/2] 


r-1 



I 


^ C(i,r) 


1 = 2 

J = 1 


i^O 


2r-l 

[i/2] 


r-1 



I 

“j.i 

^ C(i,r) 

-r* 

l=r+l 

j = l 


i^O 



Now for 2 :£ 1 r we have 1 i l-j ^ r-1, for all possible values 

of j , thus, using (1.5. Id) and the fact that 0, we have 

Reaark 2.4.1 ; For 1 ^ I ::S r is the corresponding part of Sj^(x) 

is identically equal to zero. 

Thus effectively, 

2r-l [L/2] r-1 

Si(x) = ^ ^ f^^^(x) ^ a^ x^ ^ C(i,r) n|"^ 
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Once again due to (1.5. Id) only thoae terms contribute to S^(3c) 
for which l-j ^ r. So 

r-1 
j , I 


Sj^(x) ^ x^ ^ C(i,r) ^ 

^ ’ T^O 

where represents a sum over r+1 < I 2r-l, 1 j C*-/2] 

such that l-j > r. Now , (1.5.1a-b) together with the fact that 

Sj ^ are constants independent of n gives 

|S^(x)| ^ W ^ jf‘^^^Cx)j n-^'^ 

(since X i A/n ) 

i W n ^ ^ x^ ^ jf^^^(x)| 

Nov since the sum is over all those values of I and j such that 
t-j i r,r+l i I i 2r-l and 1 i j :S [1/2], we have 1 i l-r S r-1 . 
Therefore; by remark 2.4.1 and corollary 2 . 1.27 


|S^(x)l ^ M n-^[ n + Hx^f 


(r), 


r^(2r), 


) 


(2.4.2) i W n’*^ |^ld,2r 

Next we estimate^ 


r-1 


CO 


^2^^^ " (2r-l) ' 


C(i.r)y ^ - uy^-^f^^^hu)du 


T^O i^O 

•I- 

Ue consider the term corresponding to k = 0 separately. 

0 

= 2,o'’‘> ’ (2r^y! A I ( 0-“) 

i=0 ^ * 



Since C(i,r) are conetants independent of n 

r-l 

X 

^ " Z! ‘’n ^ du 

T _ rt i 0 


i = 0 


r-1 




n. ,0 


Cx) x' 


(2.4.3) = M X 


r-1 


'to 


. = 0 


-2r. .2r , . 

"i <"i*> ■'nj.o'*’ 


The rest of the terms are treated together writing 

k 

:C2r) 

« V 4 

. = 0 k:=l 


r 1 Ci& 

= (2^)1 y y ^n.,k'^^> I 


Cu)du 


By ,(1.5 -lb) , 

r-1 to 

is, rCx)i ^ « y y y - * I 

T^O k=l ^ ^ 


2r-l 


n. 


I J ^ I f ^ (u) j u "^dul 


r-1 to 


H t t X 


i=0 k=l 
r-l 00 




00 


L=0 k=l 
r-1 




00 


(2.4.4) = M 


-r V -2r V 

X \ 1 (k-n^ 


i=0 

r-1 


k=l 


00 


x)^*^ q_ 

^ i *' 


« ^ Y. (k-njX)^‘"q (x)Cnj/k] 


i = 0 


k=l 
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Froa (2. 4. 3-4), 


r-1 


00 


ISjCx)! s n x-'- ^ Z 


i = 0 


k=0 




r~l 


n lu'^f ^ ^ (k-n^x)^‘^q^ x) [n^ /k) ' 


i = 0 


k=l 


(2.4.5) 

By Cauchy 


Il(x) + l2(*) , 
Schwarz inequality. 


r-1 


CCf 


IjCk)! S H y ny'^[y 

T^o fe 


(k-n^x)^’^q 




1/2 


k=0 ■*• 


1/2 


Applying lenifflas 2.1.2 and 2.1.4 the right hand side can be shown 
not to exceed 


i=0 ^ 


1/2 


Since X i — , by corollary 2.1.1 and (1.5. la), 

(2.4.6) (l2(x)i M n”*" 

In a sisBilar fashion it can be shown that 

(2.4.7) |IjCx)| S n n“‘' 


Now, 


(2.4.8) (S2(x)j :S M n"^ |f|^ 2r' 

follows from (2. 4. 6-7). 

Further, inequalities (2.4.8) and (2.4.2) along with (2.4.1) 


give 



for X 2: A/n . 


d , 2r 


IS f(x) - fCx)| n n~^ 

Thus coiipl sting case a , 

Case b: Let x 25J A/n 

Here again by Taylor’s expansion with integral fora of renainder 


r-1 


r~l 


m 


^ |Tf(‘)(x)y CCl.r) y , cxx ^ 

1=1 i=0 k=0 ^ 


1 = 1 
r- 1 


k 
n , 


^0 k=0 ^ XI 

= S^(x) + S 2 CX), i>ay. 

That S^(x) = 0 is a consequence of remark 2.4.1. Hence all 


we need is to estimate S^Cx). Using (l.S.lb), 


r~ 1 <» 


k 
n . 


isjt*)! i (I y y I- - i j " du| 


i=0 k=0 


r- 1 00 

(r), ^ ^ 


^ ” 8^ aoo2_ L - "1 

i=0 k=0 ^ ^ 

r-1 ce> 

^”8^Bd,2r^ ^7 Y. 

1 n f 1 r\ ^ 


i=0 k=0 

Applying Cauchy-Schwarz inequality to the right hand aide we get 

r-1 oo 1/2 

iS^Cx)} M if|^^2r y [X! ^ 

1^0 k=0 ^ 

An application of lemiBa 2.1.4 gives 

r-i r 1/2 


i=0 


j=l 
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ij. 

Now, (1,5 .la) together with the fact that x si A/n inplies 

ISjt*)! i H l|f«d,2r 

This completes the estimate for case b. 

Hence the theorem.* 

2. 5 INVEI^SE THE<mEM 

THEOREIf 2,5.1 : For £ « C[0,<so) and ^ 

m r 

|s^ J,f - = 0C<^(n if and only if f « ■®2r,^ 

Proof : The symbols appearing in the proof are taken to 

be constants independent of n and t. 

From corollaries 2.2.1 and 2.3.1, 


(2.5.1a) 

IVId,2r ^ " "" 


£ . CCO,.) 

(2.5.1b) 

IVId,2r == " Mld.2r- 

t • 

Since 

r~l 



l=n. 

r^ld.2r = 1 

C(i,r)S^ 

/ ld.2r 


r~ 1 




i = 0 

lC(i,r)j 

l®n.'«d.2r 

1 

{Z.5.\c) 

M 

max 

0 s: i i 

B ^n,^ Bd,2r 
r i 

Inequalities (2.5.1a-b) give 


(2.5.2a) 

l®„,r'ld.2r ^ « 


£ 48 C[0, 

(2.5.2b) 

l®n,r'«d.2r ^ " 

8^8d,2r’ 

£ « -D. 

2r 

“1/2 

Suppose |S^ ^f “ f|^ = 0(^(n )). 

, Then 

K(t^‘^,£) 

- * *'"a‘‘ld.2r } 
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C« * i>2^) 


Therefore, by (2.5.2a-b), 


KCt^^.f) ^ ^2 I ^Cn | f-fi |^ + l«ld,2r } } 

C3 I + t^’^n'^KCn'^^.f) j- 

Thua , by lemma 1.6.3, 

KCt^^'.f) = O(^ct)) 


which is same as £ « D. , . 

2r 

Conversely suppose f « ‘^2r ^ there is a ^ 

such that 

C2.5.3a) i C^.<^(t), and 

(2.5.3b) 2r ^ ^4 

Nov, 


Mn.r' - 8Sn.rt'-«t^ll« 

i (M+1) 

< C^CM+l)^(t) + 

Since , by theorem 2.4.1 

t 2 r 

.. ,., . -1/2 

Taking t = n 

|S^ = 0(,^Cn"^^^)) 

« n , r ** 0 D 


* 8^n,r®t~®tBoo 
ll^n.rSt“«tL 

and (2.5.3b), 

H n'*" <^(t) 


Hence the theorem , m 



CHAPTER III 


GLOBAL SIhtt.TANEOUS APPROXIMATION BY LINEAR COI^INATIONS CF 

SZASZ~MIRAKJAN~HILLE OPERATOR 


3. 1 PSiELI m MARI ES 

Siaul taneotis approximat ion by linear combln&tion& o£ 
Szasz-Mirak jan-Hi 1 i e operator S^fCx) for f « C^[0,ocr) is the 

object of study in this chapter. 


An application of mean value theorem to lemma 2.1.3 gives 

(3.1.1) S^“''f(x) = ) q . (x) ^^) , 0 < d. <1. 

n ^ ^ ^ ^n,k ^n ^ k 

k=0 

It can be easily verified that 

(3.1.2) i 

where |f| = sup | f(x)| . 

“ xiO 

Following two lemnas are generalizations o£ the lemmas 2.2.1 and 
2.3.1 respectively . 

LEHMA 3.1.1 : Let f « C®[0.<o) and r « tN , then 

Proof : Ue have from lemma 2.1.3 and using mean value 
that 


m 


,(ffi^2r ) 


n 


f(x) = n 


m-^ 2 




“n.k'*' 


k=0 


m+ 2r 

n 


n 


theorem. 



00 


0 < 9, < 1. 

k 


r — * 21* , . k+in^^ 


■) 

*1 , r*. A II 

k=0 n 

Following the same steps as in lemma 2.2.1 for x < 1/n , 


C3.1.3a) ^ H n-'lf'"’! 

Also , since 


06 


^0 


X S 


n 


X 1/n . 


0 < a. 


using lemiaa 2.1.1 , ^ f (x) can be expressed as a sun 

terms of the type 


n 


c(2r, I ,s) X 


CD 

I 

k=0 


,2r-2l-a ^ 


Again proceeding in the same fashion, as in lemma 2.2.1 


X i 1/n , 

(3. 1.3b) (x)| i M x i 1/n 

Inequalities (S.l.Sa-b) together give us the lemma . a 


LEMMA 3.1.2: Let f 


(m) 


Then 

2r 


|xXsC.*2r)^|l^^ n |x‘'f(‘"*^‘'>| 


'00 


Proof 


m+2r 


|xrs(.£2r)£(x)| i x'^n"*^'' y 0„,x(*)Ki f(|)| 


k=0 

For k S: 1 , by mean value theorem, 

mt2r 

X . 

sup 

K ^ ^ .k'^m+2r 

n T ^ 

n 


n 


ia^*2r I r t 

n \A^ f(^)} ^ 




< 1 


of 


for 


n 



:-0 


,, r (m+2r),, 1 

^ IK f llco — 

k < „ ^ k+ni+2r ? 
n ^ n 


(3.1.4) 




r -(m+2r) . 


loo 


For k = 0 following the same line aa in lemma 2.3.1 for k=0 
m+ 2r 


n 


m+2r 


|A^ fCO) 




n li X f 


*00 


n 


Uith this and (3.1.4) , it can be shown, as in lemma 2.3.1 ,that 


^r3(B+2r) ^ „ .^rj(«t2r) 


n 


X « [0 ,<») 


and hence the lemma, 


3.2 DIRECT THEOREM 

Before proving the main theorem of this section, which is a 

direct theorem for simultaneous approximation by linear 

combination of S f, f^^^ « , we will prove some preliminary 

n 2 r 

results which are used to establish the above mentioned theorem. 

LEPiriA 3-2.1: Let m«CN and I -c IH , Then for any a,h « IR 

o 


a+h .^m-l.. (m~l)! I! /• \ 

j (a-Hh-t) (t-x) dt = 2^ TiTuyr rr - — JT ^ 


I -u 


u = 0 


Prop f : Repeated use of integration by parts gives the lemma. 

LEMMA 3-2.2 : Let r , n « IK and x « [0,oo) then 

-nx r ^ r! 
e X < 


n 


n X o- (nx) ^ 

Proof: Since e 1 the lemma follows .a 


r I 


LEKflA 3.2.3 : Let f € c“i;0,<») . Then 

m 


m , 


= TS 


3 = 0 


X h 

1 f 1 / . vm-s r . .1. v3ro“l . (ro) 

rjir 2^ [ s J J (x+h-t) ^(t)dt 


where A ffx) = f(x+h) - fCx) . 



Proof : Since 


m 


( 3 . 2 . 1 ) 


S (3 


s =0 


_ f 0 os:k<iH 

\ mi k=m 


the 1 eraiae follows by Taylors expansion . ■ 

Nov we take up the main theorem of this section . 

THEOREM 3 . 2 . 1 : Let m « CN and f^®^ « then 

2 r ^ 

|S^®^f-f <^“^1 i M n~'^Hf‘^®^H . _ . 

» n,r «co H »d, 2 r 

Proof : By lemmas 2 . 1.3 and 3 . 2 . 3 , 

r -1 

■ f^“^Cx) CCi.r) (S^®^fCx) - f^“^(x)) 


i = 0 


r -1 

r -1 


C(i 


.r)[ n” 


:=0 


,k 


(x).A®^ f(|-) - j 

nT ^ 


m 


00 

I 1 

[:] 


a = 0 


k =0 


k + s 
n . 


k ®i 


(ra), 


n , 


r -1 


. = 0 


m 




s = 0 


k =0 


k+a 

n. 


( 3 . 2 . 2 ) = S. (x) + S,Cx), ^ay. 


J . t)®-^dt -1 1 f^®>Cx) 

•^k "i -1 

^i 

~q^RY 

11255(1 




4 jCC . jfilO - 


•J , Tfe 



Reaark 3.2.1: 


That S^Cx) = 0 followa injmediately uaing leama 

m 

3.2.1 and (3.2.1) along with the fact that r q , (x) = 1 . 

k=0 

So we need only concentrate on S^(x). Ue consider two cases. 

1.= X > A/n, A some constant. Using Taylor’s expansion 

with integral form of remainder 

m r-1 CO 


' T 5 ^ Z [ ” ] Z 

s=0 i=0 


2r-l 


1^0 

k+a 
n , 


*n. ,k 


Cx) 


E l ^(m + l). . r ,k + s 

yj f^ "^(xl.J C-^ - t) (t - X) 

1=1 ’ ^ 


dt 


m 


"i 

r-1 


(ir-D! Z (”)'''’"’°Z Z 

s=0 i=0 k=0 ^ 


k+s 
n 


1 IB 1 t- 

r \.k+8 .2r-l ,(ra+2r), . . 

.J C-jj- - t) J (t - u) .f'^ ■'(u)dudt 

f V 


k i 
n 


(3.2.3) = 

For a = 0 the liaita o£ the integration over t become equal, 

conaequent ly, the term corresponding to a = 0 is identically 

equal to zero. So here onwards we will have s ^ 1. 

Leiama 3.2.1 with a = k/n^ and h = 

m Zr-l I 

^11*^*^ " (m-l)!^^ 2^ UJ^ ^ ^Z_. Cm+w)!(l-v)* 

--- v = 0 


m+x> 


s=l 1=1 


r-1 CO 

Z Z “".. k '*' <“-■' 1*5 

i^o ^i feo ^ 


i-i> 



m 2r-l I 


r~l 


(3.2.4) “ ^ ^ ^ ACm, a , I ,v) f ^ (x)^ C(i,r) 

s = l 1 = 1 6^0 i^O 


where T 


^_^(x) is as in lemma 2.1.4- and 

“i ’ 


ACji,s , I .v) 


r®l 1 1 m■^^> 

J ( m-fi^ ) i "^T^^nTyr ^ ^ ® 


let 


r~l 

S(l,i>,x) = f‘^®''^^(x)y’ C(i,r)ij- 

^0 


(X) 


It will be shown that 

(3.2.5) |S(l,v^,x)l n — 7 , l:5li2r-l and (hSwS:! . 

a,2r 

This together with (3.2.4) and the fact that A(m,s,l,v) is 
bounded by a constant independent of n gives 


(3.2.6) lS^^(x)j ^ W Kf^”‘^lld,2r 

n 

So all ve need is to establish (3.2.5). 
Invoking part (i) of lemma 2.1.4, 
(3.2.7a) S(l,l-l,x) = 0 and 

r-1 


S(l .1 ,x) 




I 

i=0 


C(i.r) 


n , 


Thus , due to (1.5. Id), 

(3.2.7b) S(l,l,x) =0 , 1 :S I i r-1 

For , r i. SI 2r-l , 


r-1 


jS(l,l,x)| Si j f^®''^^(x)jy' |C(i,r)| 

4—-, n, 


i=0 





(3.2.8) 


n 


1 




L-r 




C since x > A/n) 


Now when I = r, 

and when r < i i 2r-l, by lemma 2.1.5, 

Consequently , from (3.2.8), 


(3.2.9) IS(l.l.x)| ^ ^ ^ ^ ^ 2r-l . 

So far we have taken care of the cases when i> = 1-1,1 
1 < I < 2r-l . Note that for 1=1 only values of v are I 
l-l, sO/We need not consider the case 1 = 1 now onwards. Ne 
yet to estimate S(l,i^,x) for 2 < I < 2r-l and 0 < i> 1-2. 
the range of x> allows us to write 


r-1 


I 

“T“ 


] 


S(l ,i>,x) 





C(i.r) 





and 

and 

have 

But 


Lemma 2.1.4 been used to get the above expression . 

For 2^1^ r, we have that 1 < l-j < r-1 and so using (1.5. Id), 
(3.2.10) S(l,v,x) =0 , 2 < I < r . 

Let r+l I 2r-l. Again due to (1.5. Id) only those terms in 
S(l,v,x) will be non zero for which l-j > r. So let l-j 5: r , 
r-i-l < I 2r-l, 0 < i> < 1-2 . Thus , 

r-1 


jS(l,v.x)| = y |a_.^^_^lxJ| f^®''^^(x)| y }C(i.r)j 
^ ’ i^O 


M ^ xj I f^'"'"^^(x)j 
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where the sum is over all those j’s for which 1-j i r 
1 < j < r+1 < I < r-1 and 0 < v < 1-2. Let l-j = r+k, 

k € Using that x t A/n, we have 


i i k i+k 

n ■* n 


(x) j 


(3.2.11) iKipCMjff 


(m+r ), 


r ,(ni+2r). 


8^ f 


^00 


n 

This happens because I = r+ j + k and r+1 < I 2r-l implies that 
1 j+k ^ r~l and so lemma 2.1.^ can be applied to get the above 
inequal i ty . 

In view of (3.2.10-11), 


|S(l,v,x)| < K 2r’ 0 < v < 1-2, 2 < I < 2r-l 

This together with (3.2.7 a-b) and (3.2.9) establishes (3.2.5) 
and hence (3.2.6) . 

Remark 3.2.2 : Inequalities (3.2.7 a-b) and (3.2.10) imply that 
S(l,i>,x) = 0 for all x « [0,oo) where 1 < I < r-1 . 

Ue have yet to estimate which we now take up. 

Recall that 


m 


r-1 


S12CX) 


Cm- 


■1)1 (2r-l)l ^ [ s ] ^ C(i,r) n“ 


s = 0 


i = 0 


k + s 
n . 


Z i . m 1 t 

k=0 ^ ^ ^ * 

n , 


2r 1 _ f 


Thus 



m r - 1 


Y. "i Z '’"..k'’'’ 

* — r\ i n 


3=0 i=0 k=0 

k-5-3 


I 'i /h - - 

k X 

n , 

i 


2‘-'.|£f”*2''>(u)|du|dt 


m r- 1 


(3.2.12) = II 1 1 scs, i,x) , s^y- 


s=0 i=0 


It is sufficient to estimate 

k+a 


OD 


”i t 


S(s,i,x) = n q t J ^ j f ^ C u ) [ du j dt 

.1 k=0 — 

n , 

1 

where l:^s::^in, r-1 . Since the term corresponding to 

3 = 0 is identically zero , ve do not bother about it. Ue 

consider the term cor r espond i ng to k = 0 separately. For k = 0 

the corresponding term is 


^ ’ 

■n . X 1 t 
1 


(3.2.13) S (3,i,x) = n. e J |J | t- ^ | f (u) ( duf dt 

° ^ 0 X 


Since A/n^ A/n^ (0 < i r-^1) and 

Choosing A =1, we have A/n. < s/n. ^ 1 

1 1 

splitting the integral over 0< t s/n^, 
and A/n, < t < have 0 < t < u < 

Consequent ly, jt~uj < u S x. 


A is some 
< s < m . 
in two parts 

X , wh en 0 

t < 


constant . 
Therefore, 

0 s: t s: — 

n. 


t < 

A/n. 

1 


A 

n. 

X 

the 


Hence for 0 



corresponding part of (3.2.13) is leas than 

A 

-n X 

^ J J i j f (u) j dudt 

0 t 


~n , X 


A 
n . 


i ‘ J (x-tj-'dt 




^ n — 
nl " 


2r 


(by 1 emma 3.2.2). 


The other part of (3.2.13) ia vhen A/n. < t s/n, 

1 1 


Here if 


X ^ s/rij^ then on the same lines as above we have 


-n,x i t 


n, e " J. 1 J It- ^ n -± |f^“^ld^2r 




A X 
n , 


n, 


what still remains to be analyzed , in order to complete the 


estimate of (3.2.13) is the case when ^ t,x ^ * Here 

a 


n . , 

•n . X i t 


n . e 

i 


" S i J |t- ^ tf*^“^2''>Cu)ldu|dt 


n : 


s 

n, 


^ "i J it- ^1 J “r I f^^’^^^^Culjdujdt 

A XU 


n 


i 


3 

n. 


“l |f'"’ld,2r J. I*- *1"" ' 

A 


n, 


But A/n^ t,x < a/n. implies 


that 







2r 


-r 


X 


-r 




[i] 


Thus we have that the above expression is majorized by 

" "i I' S<l,2r’ 

therefore, by (1.5.1a), 

C3.2.14) |S^(s.l.:<)| S « J f '^“>1 ^ 2 ^ . 

Ue still have to consider the terms corresponding to k 2: 1 in 

S(a,i,x). Let 

kts 

"i t _ 

S^Cs.i.x) = k^^^i 5 i ^ j (^“"^^^^(ullduldt 

t — l I * X 

k=l — 

n . 


k+s 
n , 


n y q | t-x| J u'^'duldt 

i" k X 


k=l 


n 


k+s 
n , 


^ ^8d, 2r 


X (t-x)2>^(x 


+ t“‘^)dt 


k=l 


i 

k+s 
n 7 


* >"1 ' S. 


<x^ 


k+s 

n. 




k=l 


+ n . 
i 



(3.2.15) 


5&.y ■ 


= * ’2 > 

Using lemma 3.2.1, 


k-^a 

n , 


1 ^ IM'^“^ 8 d. 2 r -r Y. Ct-x)2^dt 

k=0 ^ ^ 

n , 


2r <jo 


^ -r -TF 7 

X n . 4 ^ 

i j = 0 k == 0 


I V. 

4 rv ^ 


^(x') . (k-n^x) 


2r- j 


Choosing A = By (1.5.1a), ve have x ^ — 

^ n, 


Thtis , by 


corollary 2.1.1, 


2r 


I'll ^ -^r y 


2 ■' 




Next ve take up , ve have 


k+s 
n , 

n . ^ r i 


Mjl ^ ”1 X! ’ni-K'*’ [“Tt] (t-x)^''dt 


k=l 


^ " |f'"’ld,2r “i X! (is] 


"1 

n r 


vhere x 


k , a , n 


k = 0 

(t) is the characteristic function of the interval 


k k*^ s 

[_ — ), Using Holder's inequality ve get 


n 2r 


M 2 I ^ " |f'"'ld,2r(/„ "i y 

^ k ~ 0 ^ ^ 

<J0 

U . ^ X X 


1/2 


k=0 



Applying leiaiBfiL 2.1.2 and lemma 3.2.1, 


4r to 


I rit n ^ 


4r-j 


:>l/2 


j=0 k=0 


Here onwards a similar analysis as done for 1^^ gives 


The estimates of and together imply 


S (3,i,x)( s: K n 


>d , 2r " 


This along with (3.2.14) gives 
jSCs,i,x)j n 
Hence by (3.2.12), 


Ed, 2r 


X ^ A/n 


|Sj2(k)| i « '‘‘‘'l(«'"’ld,2r ■ 


X 32: A/n 


Thus completing the analysis for caae(i). 

Caae( i i ) : Let x ^ A/n . Using Taylor’s expansion with integral 
form of remainder we have 

Sj^(x) = Sj^^(x) + 

where 


Sii(x) =- 


Z ( :] Z Z “-.a'*’ 


■ Z - 


fCro+i )(.x) r - tTZct - x)^dt 

■•k ^i 


and 
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HI 


r-1 


* 12 '*’ ' (i 




s = 0 


i = 0 


k+a 

__ 


E i . 1 : . 

I J - “)■' f 

k=o ‘ i; ‘ 

n , 


(a+r) 


(ti)dtidt , 


Using 1 eiaiaa 3.2 1^ we get as in the previous case 


ffi r - 1 I 


r-i 


■IIS 


SiiCx) = 2^ 2^ 2_ "^n. 

j[r:Q ^ 


Since^ 1 I ^ r-l and A(m,3,l,i>) is bounded, by remark 3.2.2, 
S^^(x) = 0 . 

So all we need is to estimate 


Cm 




r-l 


acf 


& = Q 




k+a 

m-1 t 

-J - t) J Ct - f ^®'^^^C«)<ludt. 

k i X 

n , 


Thus , 


m r-l 


00 


lSi 2 Cx)| ^ n ^ ^ n. ^ 

r\ 5_nt 1, — A ■*• 


Cx) 


a=0 i=0 k=0 

k+s 


n . < ^ 

1 , ra-1 t 1 A ^ N 

-J ij h-'^r ^^(u)|duidt 

k ^ i X 

n. 



m r~l 


n , 


s n y y n. y q„ J |t-*('^-^|j dujdt 


3=0 i=0 k=0 


n . 


m r~l 


k-i-S 

__ 


i H ^ E ""i Z J. 

r \ ! — rk < rk ^ ^ 


3=0 i=0 k=0 

IB r-l 


n 


(3.2.17) = n ^ ^ S( 3 .i,x), ^cxy. 


a=0 i=0 


Let X, (t) denote the characteristic function of the 

k , s , n , 


k k"^ 3 

interval [«— , ). Therefore, 

n , ’ n . ’ 

1 i 


SCs , i 


i.x, - J n. y d 

k=0 


j^Cx) [t - x| 

1 


Aa a consequence of Holder’s inequality 

CO 


S(a.l,*) ^ n ( J "i y 

u d ^ i i 


1/2 


k=0 


Thus applying lemma 3.2.1 and using (1.5.1a), 

1/2 

jSCs.i.x)! S H n""' [y |T„ 

j = 0 ^ 

Ue wish to show that 

(3.2.18) |T^ 2r-j^*^^l ^ 0 5 j ^ 2r . 

In view of lemma 2.1.4- this of course is true for j = 

2r, we further have, for 0 < j ^ 2r-2 , 


2r-l and 
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k=l 


X)' 


r2r-j 

[ 2-J 

" i 

k=l 


(nx) 


(by (1.5.1a)) 


Now X i A/n gives (3.2.18) . Therefore, 


1 S(s , i ,x) I i M n 
hence by (3.2.17), 

ISj^CxJI i H - 

The estimates for together give 

|S^(x)| i n 2r ’ x i A/n . 

Thus completing casefii) , 

Hence the theorem . ■ 


3.3 INVERSE THEOREM 

THEOREM 3.3.1 ; Let f « C^“^CO,as) , r « W and 4 > « *2r 

if and only if « i> 

isr,^ 

Proof : Using lenna 2.1.3 and (3.1.1) we have 

jS^®'^^^f (x)| i£ M n^^lf^^^loc ’ ^ * C^“^[0 

and 




Therefore, (3 - 1 . 2 ) in conjunction with the lemmas 3. 1.1-2 gives 



.(ffl) 




6i 






(3.3.1) IS— (1^,2, ^ « n . „„ 

(3.3.2) ^ 

respectively . 

The rest of the proof is same as that of theorem 2.5.1 , hence 

the details vill be omitted . 

Suppose ^ . We have 

K(t2^f(“>) = inf { - ^"'■|««d,2r} 

i { C.*(n-1/^ * - l<?r«ld,2r } } 

Ca'-’ . »2,) 


i C 


^ { *(n-1^2) + t2'^{ + l«'”’ld, 2 r}} 


i c. 


-1/2. . .2r -r 

^(n ) + t n K(n 


(by (2. 5. it) and (3. 3. 1-2)) 

.() } 


Now lenoa 1.6.3 gives 

KCt^'^^f^®^) = 0(4i(t)) 


in other words f 


(ffl) 


i> 


2r • 


Conversely suppose f 


(ffl) 


Jb 


2r 


So for given t there exists a g 


such that « '®2r 


s C3*(t) 




This together with (3.1.2) and theorem 3.2.1 gives 






CHAPTER IV 


GLOBAL SIMULTANEOUS APPROXIMATION BY LINEAR CONBINATIONS 

OF BERNSTEIN POLYNOMIALS 


4,. 1 PRELI MI MARI ES 

The well known Bernatein polynomiala 

n 




B^f(x) 






rc|). 


k=0 


'}• 


are given by 
n « CN and f « C[0,1] 


where " [ k ^ 


In this section some basic results concerning the Bernatein 
polynomials and its kernel given . 

Throughout this chapter and the next X will denote xCl-x) . 
LEMHA 4,1,1 [50]: Let f « C[0,1], m « , then 

n-m 


n 


Cf ,X) 


B^®^f (X) 

n 


_iiL. y 

Cn-m)! 


n—m , K 


m 

^/n^Ck/n) 


k=0 


where 


Ai/nf(x) = f(x+l/n) -fCx) 


.ffl 


For f « C [0,1] by mean value theorem and the above lemma. 


n^m 


(4.1.1) B^“^fCx) = 


k+md. 


n! -m V" ^ X rCm), k, 

— S ,n ) p . (x) ) 

^n“m) ! / n-Ri^K n 


k=0 


0 < d, < 1. 

k 
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LEWMA 4.1.2 [25]: Let a « CM' , then 


n 


I 


m 


n 


k=0 

n 


1.C3C) ^ 

^ (k+i)“ 


m I 


m 


and 


I 


m 


k=0 


(X) 

(n-k+1 ) 


m: 


Cl-x) 


m 


LEICIA 4.1.3 [25]: For r € 04 , ® terras of the 


type 


.2r-2i-m I 

(k-nx) n , ^ 

q^^^Cx) — Pn.k*:^^ 


(xC 1-x) ) 


where l,ra ^ 0 , 2r-2l-ra > 0 and q, (x) is a polynomial in x 

t , m 

that does not depend on n and k. 

Next lemma ia about the momenta of the Bernatein polynomiala, 
n 

. . \ 


Y. ‘’n.k'='>( I - * ] •“‘■"'o' 


k=0 


Following [2.0] and [ 50 ] we define 

'>• n 


n , a 


'I -n.) 


(x) . (k-nx)‘ 


k=0 


LEIGIA 4.1.4 [25]: Let T (x) be as defined above then 
i J n,s^ 

(4.1.2a) T _Cx) s 1 and T , (x) = 0. 
n , u n , 1 

a- 1 

(4.1.2b) ~ ^i.s^^^ (nX)®”^ 

i^l 


and 
(4.1.2c) T 


s-1 


82:1 


n.23-Kl^^> = b^(l-2x)(nX) . 


I 


(X) (nX)®"^ sil 


i = l 
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where .(x) and h |(x) are independent of n* Further 

sssyi a,i 

(4.1.2b-c) can be combined together to be written as 


[a/2] 


(4.1.3) T (X) = 
n , s 


I 


,(x) (nX) 


sS:2 


i = l 


where a. ^(x) is independent of n and a. (x) is a constant 

i,a [a/2],s^'^ 

A A 

Corollary 4.1.1: Let — x ^ 1- — , A some constant. Then 

i. ^ 

IT^ ^(x)j :S K.CnX)^®^^^ , s 5: 2 . 


where K la a constant independent of n . 

Proof: Since — ^ x 1- ~ we have that nX.-J ^2: 1 
n n A 


Hence , 


[a/ 2] 

I'^n.s^*^! ^ ^ la^^gCx)| .(nX)^ 


K. (nX) 


[a/2] 


i = l 


TKd spaces arid A. 

2r 2c ,4' 


Following Ditzian[25] , 


Sr = 


f € C[0,1] 


^(2r-l) ^ A.C.(0,1) and 

ess. sup jX^f^^^^(x)| < oci 

0 < X < 1 


Let 


I® 

2r 




sa. 


£ « C“[0,1] 


sup |f^®^*^^(x)j < oo and f^®^« A 

0 X s; 1 


2r 


and 


lU 


m.o), 2r 


,(m+r). 


,r,(m+2r), 




^ ML ^ P f - Sr 


m.oo 
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“here = jfll^ + enl l|f||. 


es3 . sup j f (x) I . 
0 ^ X ^ 1 


THEOREM 4.1.1 ; The space A. is complete with respect to th< 


2r 


norm |-| 


iii,o&,2r 


2r 


) 


Proof ; Suppose {f^} is a Cauchy sequence in CA 
then ^ are cauchy in 


m 

2r 




(C [Oellifl'lju and ( C[0,1] , jj • |j^ ) respectively . But these 
spaces being complete we have f and g , h in c“[0,l] and C[0,13 
respectively such that 


to infinity . 

Now define, 

_ffl+r .,,r_m+2r , 

T = D + X D and 

o 

Tj = d”*'' - . 

Following the notations of definition 1.5.5, 


DCT 


,00,(0^ { 


, , f : f^®***^^ « loc . A . C - ( 0 , 00 ) and Hr f| < mi and 

T yCO.QO I ” O 

c 


”} 


D(T 


) = f f : £(-"2r-l) 

l.oe,a> \ 


€ loc . A . C - ( 0 , 00 ) and ^ <» 


■} 


.nr 


Clearly >1"^ = D(T^ n 


By lemma 1.6.4* T and T 

, 1 . o 


T ^ , 00 ,<» 


are closed. 


Also T f converges to g+h and T 

T , 00 ,00 n 
o 


f converges. to g~h 
n 

in the stip norm. Thus the closednesa of the operators imply 


T ^ , 00 ,00 n 
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f € DCT^ n = e + h and 

® 1 o 


T ^ ,<»,06 


£ = e - h 


(m+r) 


From here it follows that f « > 4 “^ , g = £''" '-'and h = X‘ £ 
Hence the theorem . ■ 

The space is deiined as £ollows 

2r,<p 

^2r,^ " { K^(t^^,£) = 0(<^Ct)) J 


_ „r,Cm+2r) 


where 


, and 
/r 


K (t.f) = in£ f Ijf-el! + t Hgjj , \ 

m j® \ ''m,ob *'®''m,«),2r J 

® 2r 

LEMWA 4.1.5 r251 : Suppose L^[0,1J and A.C.[c*,/93 

for all 01 , 0 < ot < < 1 . Then, for m = 1, r~l 


The next lemma is a simple consequence of lemma 1.6.1. 


LEHMA 4.1.6: Let f « ^ 


2r 


Then there exists a constant It 


independent of f such that for i = l,...,r 






+ if 


(m+r)| 


*00 


LEKMA 4.1.7 : Let m,r « , then A^^ c A^^ c A,^ moreover 


2r 


’■2r 


|f|„ * ^ ^ " ll‘l».«,2r ' 


IliW 


= Hi ^^e,o»,aT 


Proof : The first part of the inequality and that A^^ £ A^^ 


is 


obvious , in fact the containment is proper , this could be seen 


through fCx) = X logx 
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II , O 

As for ^2r ^ ^2r the- second part of the inequality ve 

proceed as follows . 

For m = r = 0 the result is trivial . So let n , r S: 1 , £ « 

4* r 

implies that £^^ « loc A.C.(0,1) , ^ ^ 

r C *4* 2 IT* ) o 

|X B < OS . In order to show that f « >4° ve must have 

otj r 

that « loc A.C-(0,1) , which ofcourse is true , and 

By 1 emma 1.6.1, 

if‘''^y„ == «( ii«iL * yf'”’"'’y„ ) < » 

r C 2 r ^ 

To show that jjX £^ |j^ < oo consider the cases (i) m 32: r and 


(ii) l:im<r . 

Let it r , then m+r ^ 2r therefore by lemma 1.6.1, 



«( II ^IL " 


moreover , 

since X 

1 

4 ' 


s [7]''n‘'^‘'’y« "c y^iu * > 

Consequently , 


Iff o M ilfH o ■ 

■ " 00 , 2r “ " 10 , 00 , 2r 

Next , let 1 < m < r , in this case applying lemma 4.1.5 , 


Therefore , 


1^1 


00 , 2r 


< M 


m , , 2 r 


Hence the lemma . ■ 



4.2s BERMSTEIM TYPE IMEQUALITIES 


In this asctio^n some Bernstein type inequalities are established 
these will be useful in proving the inverse theoreia. 


LEMMA 4.2.1 Let f « C^[0, 1] and r « §4^, Then, 


(4.2.1) 






*06 


Proof : Since B^f(x) is a a polynomial of degree n, 

is zero for n < m+2r, hence, (4 . 2 . 1 ) holds trivially for such 

values of n. 

Let n J2: m + 2r . 

Also for r = 0 (4.2.1) follows from (4.1.1). For r S: 1 we 

consider two cases. 

Caa e ( i ) : Let min (x,l-x) ::S A/(n~m) , A some constant . 

Using lemma 4.1.1, 

|x - y- p , . Cx)lA fc-)l 

' n I (n-m-2r)! ^ *^n-ni-2r,k^ i 1/n 

k=0 

Now, since f « c”*[0,l), by mean value theorem , 


iB+2r 


1/n ^n 


^ k+m6» 

fG)l = ^ f 0 < < 1 


n 


m 


2r 

/I 


T) 


2r 


k+m^. + j 


^ ^0 


* 1_ 2^" 


n 


Consequently, 





SJ H n‘^((n-m)X)‘^ 

But, min (x, 1-x) i A/(n-m) implies that ((n-m)X) < A. Hence 

C4.2.2) |xV"'*='''>f(x)| S n „■■ , »ir.( X, l-x) S 

Case (ii) ■ Let A/(n-m) ^ x < 1 - A/Cn-ra). 

Using (4.1.1) and mean value theorem, 


(x) = x’^ 


n-ffl 


n! 1_ 
(n-m)* m 

k=0 


*^n-m,k ^ ^ n 


CO<dj^<l) 

Therefore by lemma 4.1.3, ^*^^f(x) is a sum of terras of the 


type. 


SCt.S.x) = q,,,(x) X"- 1 C„-„)^ 

n X 


n-m 


V" ,,, , s ,2r-2l-s 
. ) (k-(n-m)x) p 


. . k+mS, 

(X) -y 

n-m^k ^ n 


k=0 


where I, a 0, 2r-“2l-a > 0 and q (x) is a polynomial 

L , s 

Independent o£ n-m and k. 

Thua, 


js(i,8.x)i i M hi gCx)! -4rr 


X‘ 


n-m 


y' jk-(n-m)xj 


2r-2l —8 


P 1 (x) 
n-m,k 


k=0 


Further, since q. (s) is a polynomial independent of n-m and k, 

1,3 

and A/n-m < x < 1-A/n-m we have that hj „Cx){ K , where K is 

*■ t . a * 



a. conatant independent of n. 
inequality , 


Therefore 


by Cauchy-Schwarz 


jS(l ,s,x)| i M 




00 


n-m 


r V ,- 1 , ^ ^ .4r-4l-2s 

1 ) (k-Cn-m)x) p 


k=0 


- “ f T Cx) 1 

■ «oo r-l n-in,4r-4l-2s''^-' J 


n-!B, k 
1/2 


(X) 


1/2 


Now the choice of x allows to apply the corollary 4.1.1 and get 

|S(l,a,x)l S M Hf‘-°'^i| 

, X 

:Cm)ii _.r 


^ (n-m)- ^ 

C(n-ia)X)®(^ 




(4.2.3) i M n^Hf^“^| 

The last inequality ia a consequence of A/Cn-m) ^ x :& l-A/fn-a) 
and siO . 

Sinde ^*^^f(x) ia a sum of terms of the type 

S(l,a,x), (4.2.3) implies 


(4.2.4) I f (x) I < M n^nf'^®^!! , ^ x < 1 - 

^ In ^ I B Hao ’ n-m n-m 

Inequalities (4.2.2) and (4.2.4) imply 


|XrB^®‘'2r)£(x)| M n'^lf*^®^!^ 


and hence the lemma. 


Corollary 4.2.1 : Let f « C®[0,1] and r « . Then 


[ 0 , 1 ] 



Proof : By ( 4 . 1 . 1 ), 
( 4 . 2 . 5 ) S H ||f 

Alao , 

( m+r ) 


Cm ), 


1(50 


n - m-r 


^ ( n - in - r)i m ) ^ n - m-r i ^ l / n ^ ^ 

k =0 


k+md. 


n 


0 < e, < 1 

k 


s : M 


i <0 


Now ,^ tih ^ cot ' olla.ry follows from Ismsis . 4 . 2.1 . ■ 

LEMMA 4 . 2 . 2 : Let £ ^ . Then 

2^ 9 

Proof ; Since B ^ f ( x ) ia a polynomial of degree n , for n < a + 2 r 

‘ t - 

the result ia trivial . So let n k in + 2 r 
By mean value theorem . 


.* 2 r 


n 


' ^ y « y k + m + 2 r 

n ^ n 


1|_ sup 

Hence , for 1 :S k i n - m - 2 r - l . 


)) 


1E < y < tc+m-»2r 
n ^ n 


_ m + 2 r , ^ , n^r ^ n „r „^ r ^ Cm + 2 r ), 

l^l/n ^ ^n-k-m-ir^ ^ I 


( 4 . 2 . 6 ) 


^ „ ,n-m-2r^r , n-m-2r ^r „,^r^(ra+2r)„ 

^ K C-i^+i — ) <^ n-m-Zc-kri ^ ^ «® 


Further from ( 2 . 3 . 2 ), 
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iB+2r 

^/n = I ^ 


2r+m-l 


I ^ 


1=1 


where 


2r+in 


I = ^ V f 1 r -i-^j 2r+iB-l ,(m+2r) 

Cir+m-l) ! y I j J I ^ ^ 


(u)du 


j = l 


and 


q = C- 1 ) 

I 1 1 


1+1 


2r+in 


Now, 


\ y C "T ) C-l)' 3‘ 

^ J^l 


2r+in 


2r+nv 


I T I ^ ^ r2r+nh r+m-l u^^Cl-u)*^ ,,(iB+2r^, 

I H ^ TT?+iiFTTT L ^ L ~r— F- ^Cu)!du 

0 (l-u) 


( 2r+ffl) /n 


s n J 


u 


r+ffl-'l 




du 


( U = uCl-u)) 


^ nu’’ 

n 


and from (2.3.4), 


1-1 


jS, I i M ^ y K. sum {A 

n 0:Sjil-i-i 

1 = 0 


Zr+m-l 

1/n 




n 


(K is a constant independent of n and f ) 
Therefore, by mean value theorem, 

2 r+m-l 


2r+m-l , . 
n A 




sup 

i+j+1 ✓ * ^ i + j+l+2r+m-l 
n ^ n 


j^(ffl+2r)^.^^j 
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*®C30 

Thus , 

(4.'2.8) |SJ i 

n “* 

Inequalities (4. 2. 7-8) imply 

2r+in 

(4.2.9a) n 1^1/n ^ M 

Sinilarly, for k = n-m-2r , 


(4.2.9b) 


iB+2r 

n 


2r+in 

I'^l/n 


H 


n-ffl-2r 

_ 


)1 i M 




Now, usine (4.2.6) and (4.2.9a-b), one gets, 


n-m-2r 




k=0 

n-m-2r 


H |X*"f<^”'"2r)„ y (x)f£l£ll£l r__£Z2iZ2£_y 

■ llo) ^ ^n-m-2r,k^ k+1 J [ n-a-2r-k+lj 


k=0 

n~in-2r 






k=0 
n-m-2r 




n-ii*2r 

n-m-2r-"lc-M 


k = 0 


rj 


Therefore by lemflia 4.1.2, 


^rjg(n.+ 2r)^^^^| ^ „ jjjjr^(m+2r)jj r f ^ ^ 1 

” '■X (1-x) 




Hence the lemma. 




4.3 ORIMER OF APPROXIMATION FOR t ^ A 

In this section an order of approximation result for 

simultaneous approximation by linear combinations of Bernstein 

polynomials , for f « , will be established . 

4U r 

LEtOlA 4,3.1 : Let k,s,m « CN^ , n « IN and x « K , then 

s 

Ck-nx)® ~ X- Ck-Cn-iB)x)-^ 

j^O ’ 

where ~ (^jj ^ is a polynomial independent of 

n and k . 

Proof : (k-nx)® = (k- (n-m)x-fflx)^ 

s 

[ ® ] (k-(n-m)x)-^ (-mx)® ^ 

0 

S.. 

(x) Ck-(n-m)x)-^ ■ 

J » “ 

0 
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n! 


(n-m) 


and n <= 

(N 

, then 

ffl- 1 

' * y b. 

1 

m-1 

= V 

L. >1 

k=l 

k 

n 

k=0 


Proof 


n! 


(n-m) !n 


m 


= - (n-m+1) 


m 


n 


Cl - i)Cl - 1 ) . 


Cl - 




m-1 


= 1 


^ I I 

k=l ^ k^O "" 


LEHHA ^-3.3 : L6tin,s*lN^, n^W, s^in eind 


n-m 


k+s 


JnCx) = n ^ J It-xj'^dt 


k=0 


Th^n 


2r 2r-i> 


Y. IV..JWI] 


1/2 


v=0 j=0 


where 


n 


"n, !=':='> = cll> *‘'11-*)''“'^ and T^^^c*) = Jo”" 


Proof : 


n-m 


J (x) = f n ^ p ,,(x) s:. (t) it-xj^ dt 

n Jq ^ *^n-m,k k,s,n ' ' 


k=0 


where v (t) = x i i . (t) is the characteristic 

'^k,3,n^ '^.k k+s ^ ^ 

^n' n ■' 

of the interval [ ]. 

)}, 

Hence , using Holder’s inequality , 


(k-nx)® 


function 



J Cx) 
n 

(4.3.1) 

By lemma 3 

J (X) a: 
n 

a : 

Thus , 

Hence the 

LEIfflA 4.3. 

H ^( x ) 




^ [-fo "E ] 

ic ““ 0 


1/2 


n-m 


[-'' o "Y. 


1/2 


k=0 


n-m ^ 

^ ^ ( ” Z ^n-m,kf^> / (t-x)2^dt 1 

wn k -f 


1/2 


k=0 

.2.1 and lemma 4.3.1, 

« [ “ £ rr«i 


n 


Cl+i>)! C2r-v)i 


(2r)! ^1+v 


v=0 


n-m 


■E 


k=0 


,Cx)(k-nx)^^ ^ j 


1/2 


2r 2r-v 


n-m 


v=0 j=0 k=0 


:^ l /2 


2r 2r-v> 


" E E 

** t rt 


u=0 j=0 


1 emraa . 


£: Let m,oi,2^«lN^, n«W, n > m , 0:fi s::S m and 


n-m 


k+a 

n 




k=l 


where k <■ n-m when a 


m ,« a£ 2/9 , X = xCl-x) and T 


tCl-t) 
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Then , for — x ::S 1 - ~ 

n n ’ 


^ ” -4r 


n 




Proof : 


n~m 


k + a 


, J , It-xj"* dt 


k=l 


n-m 


k+s 


^ X ! J T'/’-h-xl" dt 


k=l 


Using lemma 4.3.3, 


2ot 2cn-v 


^ iv.,jwO 


1/2 


v=0 j=0 


2a 2a-v 


“ " [ Z „ L CnX^^ 


(4.3.2) 

v=0 j=0 

In the following it will be shown that for A/n < x 1-A/n, 


W I V» ^ ” 

CnX ) ' '‘”■■1 


Os: js: 2a -iJ , os:vs: 2a 


The choice of x implies 


1 .2 


^ . Therefore^ in view of (4. 1.2a), 

for j = 0 and 1 , (4.3.3) holds good . 

For j5:2,from(4.1.3), 


[ J/2] 


: .(x) = ) a, . 

n-o, 1. J 


(x) ((n-m)X)' 


i = l 


a. ,(x) being a polynomial independent of n-m is bounded , thus , 

f J , 
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(nX) 




(nX) 


C j/2] 

i=i 


CCn-ra)X)^ 


[j/2] 

i M y CnX)" 

CnX)^^ 

1 Si 1 ^ [j/2] < « and cx < 2ft implies 

H ^ ^ f 2 

(nX)^^"^ ^ I ^ J ’ s: X s: l-A/n. 

Thus establishing (4.3.3) for j ^ 2 . 

Cona equ ent ly , 


(4.3.4) |Ij„(x)|SH-^ 

n ^ 

Next we take up I (x) . For 0 < t < 1 

^ ^ Jl > 

1 si 2^ (t^+(l-t)^) , 1 5 p < 00 and 1 ^ t^+(l-t)^ if 0 p < 1 

Thus , 


n-m 


k+s 


i2_„cx) s n n y p„. (*) / |t-xr i . — i 

f— ^ ' tr 4- * ' z' -t A. 


k=l 


n-ffl 


k 
n 

k+s 


:)dt 


(l-t)* 


= « « ^ J It-^r 

k=l _ ^ 

n 


n-cfi 


k+s 


^ « n ^ ^n-m,k^^> J 1^“ 


k=l 


x| 


ex 


(i-ty 


dt 


= A^Cx) + A^Cx). 


It is intended to show that 
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2ot 2c»i~v 


(4.3. 5a) [ A^Cx) j :£ M 


n“ (1-x/ 


(I I ] 


1/2 


ij=0 j = 0 

and in a siiBilar faahion it can also be shown that 


1/2 


2ot 2ot-i.> 

v=0 j=0 


Now, (4.3.5a-b) together imply 


2ot 2<x-w 


i> = 0 j~0 

2oi 2ot-v 

H — 1 . r V ^ i 


1/2 


t L. ^ CnX) 

v=0 j=0 ^ 


I IV .., ^* 51 ] 


1/2 


which is same as (4.3. 2 )j. and hence^ 

1 


(4.3.6) I ^Cx)l ^ M 


n 




the estimates in (4.3.4) and (4.3.6) together give the lemma 
Hence all that is needed is (4.3.5a) . 

Now, k < n - m when a = m and s m imply k+s < n, so 


n-m 


k-t-s 
ft n 


AjC*) S M n ^ Pn-n.kf*) 1 


k=l 


k+a 

“ X j ” I *-* I “ ■>* 

il 


n-m 


k=0 


1 (< 
° k=0 


« 


dt 
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where denotes the characteristic function of the 

. ^ . k k+s , 

interval [ ~ , _ ]. 

Now, usin^ Holder s ineqtiality , the right hand aide o^£ the 
above can be shown not to exceed 


^ n-ffl 

KfJ n y p rx) ( ) 

V Q Z-i n~m,k^ ^ ^n-m~k+l^ 

k=0 


2ft 




1/2 


n-m 


^ k=0 


1/2 


Therefore^ by lemina 4.1.2, 


k+s 

1 / ^ ^ — * " 

^ I j-; 

n 


1/2 


observe that the right hand side of the above ia same as that of 

1/2 

(4.3.1) except for the factor 1 , thus the inequality 

(4.3.5a) now follows in a similar fashion as the previous lemma. 
Hence the lemma . ■ 

LEMMA 4.3.5 : Let x« [0,1], n«lN and I « IN then 
x^(l-x)^ s: M n“^ and 

(l-x)^x^ i M n ^ 


Proof : Since , 


' JoU J 


.k n+l-k , 
(1-x) x = 1 


Taking k = I , 


n,. ^ l!n! -I 

X (1-x) i .-i ' v-; - M n 


(n+l ) J 

The other inequality follows on taking k = n 



theorem 4.3.1 : Let f ^ .4 


Ifl 

2r 


then 


- fC®)| 
" n , r I 


Proof : Let S(x) 


n 




06 , 2 r 


, r 

r -1 


CCi,r) 


.=0 


r 

L n. 


fCx) 


f ^“\x) 


By 1 emmaa 4 . 1.1 and 3 . 2 . 3 , 


r-l 

^ CCi,r) 

k-Ha 

n , 




r ft . ! ^ ® 

[ (Kp^Sjyr y ( “m-i)! y [a] 
k^O 3=0 


is-s 


(k+, _ P„ „ -£'^”\x)] 

tlr ^ 


r-l 


L t 


r ^ 1 

n.! 

m 

fml 

L (m-l)! 

(n^ -m ) 1 

L 

Isj 


C-1) 


a = 0 


-m 


k + s 
n 


k=o ^ is i ^ J J 

ft r 


r-l 

+ y C(i,r) 
i^O 


[ci^ 


ft. ! 

i 


m 


1)1 (n^-m) ! 


1 ( 3 - 


1 ) 


11-3 


a = 0 


-m 


k"*-a 
~ft V 


k=0 ^ iE ^ -* 


ft , 



(4.3.7) 




Using 1 exnma 


n 


E p 

k = 0 


n , k 


(X) 


SzCx) 


3.2.1 

= 1 . 

t-1 



and (3.2.1) together with the fact that 
it can be shown that 


CC i , r) 


r» . ! 

i 

(n^-m) 




fCw) 


(X) 


Now by lemma 4.3.2 and (1.5. Id) , 
m-1 r-1 

^2^^^ ~ / ^ (^^'^(x) , provided ir-1 i r. 

^r i^O 

Thus , 


„ is^cx)! ^ n ip ||£'“’ll„ 

n 


Next we take up 

S^(x). The 

analysis 

for this 

part 

will 

be 

carried out in 

two separate 

cases , (a) A/n S' 

X < 1- 

-A/n 

and 

(b) minCx , l-x) 

^ A/n where 

A is some 

constant 

which 

will 

be 

specified when 

r equ i r ed . 

Before we 

proceed 

further 

1 et 

us 

observe that in 

S. (x) the 

term corr 

esponding 

to & 

= 0 

is 


identically zero.- Therefore, hence forward 1 < s < m. 

Case (a) : A/n < x 1 ~ A/n 
Note that the choice of x implies 


(4.3.8) 


1—^1 

nX A 


Taylor’s expansion for f^”*^(t) with integral form of remainder 


gives 





m 


2r-l 


SjCx) 


3=1 1=1 


r-1 


-m 




k-f a 

__ 


C(i,r)- 


n . ! 
1 


i=0 


n, , “ffi) ! 

i 


X! i Ct-x)^dt 

1^0 ^ JE 


m 


(m-l)! (2r-l)! 


I [”] 


1)^ ^ C(i ,r ) 


n , 


a = l 


(ii. -Si) ! 
^ i 


n -m 


k + a 
n 


k i X 

n . 


(4.3.9) = S^^(x) + 

Applying l.amma 3.2.1 witili b. ^ k/tij^ an d h ~ b / tx ^ and 1 aisfflas 

4.3.1 and 4.3.2 , one gets 


3 = 1 1=1 l> = 0 

r-1 


I 

1 = 0 


n . ! 

^ ^ , V 1 “ t “IR 

(n^-m) ! '^i 


n^ -m 


lc=0 ^ 


j^(x)Ck-n.x) 


I -1^ 


nt 


2r-l I 


I(:)->-E I 




r-1 


s = l 


£ ^ ^ f CCi r) 

(1-1^)! Cm+v)J ' t'Xj^ n.i,rj 

1 = 1 v=0 i=0 


^ n . -m , 

m-l 1 i -i-» j 

b — p , (x) ) c. , (x) Ck- (n . -m)x) 

L ^ L -m.k^ ^ x 

u = 0 *^1 i k = 0 j=0 



ACs.^.l , 1 ^, j,x) 

i^O 


CC i , r) 


n 


I +p 


-m 


y~ p -Cx 

/ . n -m,k^ 
k = 0 ^ 


) (k-(n j^-ra)x) 


( 4 . 3 . 10 ) = 


r -1 

y ACs./j.l , 1 .^, j,x) (^“’■^^^(x) y C(i,r)- 4 -r- T .(x) 

Z _1 l+Ai n -m.j^ 

i = 0 ^ 


where the sum is over lissJm , 0 ^ /j < m -1 , 1 ^ 1 ^ 2 r-l , 

0 <v 5 l , 0 <j<L-v, and 


A(s , I ,w , j ,x) 


- in+i> , . .m-3 ^ , 

' (!-!.>)!( m+iJ ) ! 


Now , the boundedness of c. , Cx),s,^,i,v and j implies that 

there is a constant K such that 

( 4 . 3 . 11 ) I A(s ,/j , L ,i>, j ,x) I < K 

where K is independent of n , f and x . 

'j- 

Further, by ( 4 . 1 . 2 a) , 


r-l 

( 4 . 3 . 12 ) y A(s.^,l .i>.l,x)f*^"’''^^(x)y C(i.r)-i^ 


(X) = 0 


Also for j = 0 , T n(^) ^ i hence the terms corr esponding to 

n^ “m , U 


j = 0 in ( 4 . 3 . 10 ) are 


A(s,iLr,l , 1 ^, 0 ,x) f ^ ^(x) 


r-l 

V C(i,r) ^ 


I 

i = 0 


I +p 


n 



correspond if 6 to j = 0 


In the following an estimate for each term 
will be obtained . 

Note that, in view of (4.3.11), it is sufficient to estimate 


r~l 


Sd.Ai.x) = ^ CCi,r) 


i = 0 


n 




l<l<2r-l and 0<^i<m-l. 


First, let 1 ^ I < r 

Clearly I + fj > 1 . Thus , by ( 1 . 5 . Id ), only those S(l,rfj,x) are 
nonzero for which I + > r . So let I + ^ > r 

Since 1 < I < r , by lemma 4,1.6, 


r-1 


|SC1, ^ |C(i.r)| 

iicCro)i 


i = 0 


n 




(4.3.13) 

Next'i let r + 1 I s; 2r-l 


H n’*' 


•oD, 2r 


x« [ 0 , 1 ] , 1 I .5 r 


So I + /.i it r , let l+^i = r + k, k-clN . Thus , 

o ' 

r-1 

lS(l,^,x)l i lf^”’^^^(x)| ^ lC(i.r)l 


i = 0 


^ n lf^”'^^>(x)l 

K lf'^“'^^^Cx)l | nX j (by (4.3.8)) 

:g M ip X^ 1 f ^(x) j . 

Since; I = rtk“^/ and one £ets that 1 < r-k+ju r^l. 


therefore^ by lemma 4.1,5 



X jf^”* ^^Cx)| = X^ . X^'~^ j f ^ ^ J 

1 ^ 

^ ^4^ B(/9)(||f(n')|j^ ^ ||X^fC«'+2r) 

where ft = r-k+^u. 

Thus , 


( 4 - 3 . 14 ) |SC 1 ,^.X)| ^ n L. |{f(®)„ 

"®,2r 

Inequalities (4 3 l3-i/is 

14^ and 

) give that the teras 

corresponding to j = o i n r 4 -i i n \ 

(4.3.10) are dominated by 

M — jjflj 

n Ha,,2r 

This together with (4 3 ion *,1, 

( 4 . 3 . 12 ) takes care of the terms corresponding 

to j =0,1 in ( 4 . 3 . 10 ). 

(-et,„ j S: 2 this implies that ii2. 

Therefor*, uh.t re«.l„e „f (f.3.10) r,, ^e eetl„eted ie 


T A(s.,o,i,r,, j.x) £'"*'>(*) 


r-1 

y CCi , r) 
i^O “i 


''n.-o. i'*> 


'-here atende for au. over 1 < e < 0 s „ s „-l, 2 < I i 2r-i, 

Since^j > 2 , using (4.1.3), this can be expressed as 


A(s.^,l,u, j,x) f'^”’'"^^(x) Y C(i.r) 

i^O ^1 


[j/2] 

Y (Cn^-ra)X)^ 

k=l ’ ^ 






li/2] 


ira 

t = 0 


r-1 


kl . . k-t t 

t|c-”’ ”i 


CCi,r) 


n 


I +,p 


r- 1 


(4.3.15) = ^ ACs,p,l ,u, j ,k,t,x) V' CCi.r) 

^ i^O 

where the sum is over l<s<in , 0<^i< m-1 , 2 < I 

0:Si>i I, 0:£ j< I - V, 1 < k < [j/2], 0<t<k and 

A(s,p,l ,v, j.k.t.x) = A(s , I ,w, j ,x) a .(x) C^) (-m)^"'*^ 

K , J X 

Since , a. .(x) is bounded , therefore by (4.3.11), 


1 

l+lj-t 

n , 

1 

< 2r-l, 


(4.3.17) I A(s ,/j , I , j ,k, t , x) j ^ 

where is independent of n and f and x. 
Thus^it is sufficient to estimate the terms 

r-1 


S(l ,p,k,t ,x) 


(•^“^'^(x) X^ 



C(i ,r) 


where 2 :£ I s; 2r-l, 0 i /j i m-1, 1 < k i 


1 

l+^j-t 

[j/23 < 


[1/2] and 


0 5 t i k . 

Let Z < L < c . That I + ^J - t > 1 is obvious . Therefore, in 
view of (1.5. Id), S( I , k , t , x) is non-zero only when l+p-t & r. 
So;letl+^i-t5:r. 


Thus, using (1.5.1a-b) and that l+^-t^r. 



t--l 




1 = 0 


I +/J-t 
n . 

1 


^ 4 ) ! f ^(x)| M n 


~r 


Since 2 ^ I r, lemma 4.1.6 


gives . 


1S(1 ,jU.k,t,x) 1 < M i- ) 

n ^ 


(4.3.18) 


n 


1 

n'=' 



' 00 , 2 r 


x«[ 0,13 , 2 ^ l < r 


Next, let r +1 < I < 2r-l. 

Again, for the same reason as before, only those £( I , t , x) are 

non-zero for which I + p - t ^ r. Let 
(4.3.19) i+ju-t = r + q, q«iN 

o 

By (1.5. la-b) , 


r-1 


|S(l ,AJk,t,x) I :S I f^”''^^^(x)] ^ lC(i,r)l 


^ n 


1 +jU“t 

n 


i = 0 


_1 

I 

n, 


^ [ I nX j'’ . (by (4.3.8)) 

< M n"*^ X^'*'^| f ^(x) j 

But I f*^"’‘'^\x)i B(r-t-q+A<)(llf^“^ll^ + • 

This, follows by lemma 4.1.5 together with the fact that 
r + 1 ^ I i 2r-l and (4.3.19) implies l:ir-t-q+ps:r-l . 

Hence , 



(4.3.20) jSCl ,^(,k,t,x)l ^ M n“"‘ 

'* “et) , 2 r ' 

Inequalities (4.3.18) and (4.3.20) together with (4.3.;7) give 
that each term in (4.3.16) is majoriaed by 


M n 




«<o.2r- 

This tslcss csrs of "tlis lieriRS corr<^sponding to j 5: 2 ir 
Thus , 

C4.3.21) |Sj^(x)i S H 


(4.3.10) 


Remark 4.3.1: Observe that no restrictions on the range of x 
were made to obtain the inequalities (4.3.13 and IS) this in 
conjunction with (4.3.12) allows to conclude that the terms 
corresponding to 1 I s: r in (4.3.10) are majorized by 


H n 


-r, 


C®)i 


'<», 2r 


The estimate for is follows 


m r-1 


^ ^ ICCi.Dl y 

s=l i=Q ^ k=0 ^ 


n . -m 

i 


a=l i=0 
k+s 


n , 

i 


k + s , 'vin-l 


; c ^ ) 

k 


j it-“ 


n, 


m r~l 


2 r - 1 j - C in+ 2 r ) 




C u ) j du j d t 




(X) 


a=l i=0 


i k=0 


k+s 
n , 


- J ^ i ^ i (u)}du|dt 

k X 


n, 



s; n 


n . 
1 


m r-1 


n , -m 

1 


y y n. y p 

S=1 i=0 k=0 


.(X) 


k-4-s 

n 


J ^ jfCn»+ 2 r) 

k X 


n , 


^ - n.-m 

m r~l i 


a=l i=Q k=0 ^ 


k+a 

t 

J 1 J l‘-“i 

k X 

n , 


2r~l 


where U - u(l~u). It will be shown that for A/n x ^ 

k+s 


(4.3. 


n^-m 


n 


i t 


23) n. V P„ ^(x) J i J ' U ‘'dufdt < 

kSo * i * 


The terms corresponding to k = 0 and k = n^-m when s = m 
considered separately. The remainder is 


ni-m 


n, 


“l y I. I J' I '"“I 

^ — ' 1 k X 


2r-l „“r . , 

U du j dt 


k=l 


n , 


where k < when s = m. It is easy to see that 


dominated by 


n, -m 

i 


k-^s 
n . 


n, V p . (x) J C X + 

1 n -m.k J 

k=l - 


T ^)Ct-x)^^dt 


(u) I dti| dt 


U “^dulcit 

1-A/n 


M n 


will be 


this is 



95 


In viev of (1.5.1a),A/n 


i ^ A/n ^ X < 1-A/n < i- 


A / ri . . 
1 


Thius* t>y 1 6 min fit 4 -t-u * 

; or the above is ori/rv^\ ^ . 

hence 0 (,n ^ ) 

The term corresponding to k - r. 

ng to k - n.-m when s = a ia - 


n^-m X ' ' 

In th« followine it „iu be eetebllabed that 

(4.3.24) BCx) S n „-t 
one t» ny„.etty 

cotteap„„dIn« to h = 0 hence e=tabu,hl„« (4.3,33). 

together with (4.3.22) will give 

(4.3.25) |S^2Cx)| i M n~*^ ||f‘'“^|j 

' "<»,2r 

So we proceed to establish ( 4 . 3 . 24 ) 

I “«> 1 1- 

2r-l -r 

U dujdt 


B(x) = n.x 
1 


X " 


f J h-u 


n , 

1 

X 

1/C 

where C 

1- A 

is as 

n . -m 
1 

n 

t 


J 1 

J 


1- m 

X 


li ^ dti j dt 


n 


n ~m 1 t 

'^i^ J I I u~*^duidt 

1 “ ~ ^ 
n 


= B^(x) + B 2 (x). 
A/n ^ X < 1 - A/n implies 


term 

this 



06 


n.-ffi 1 t 


2r*-l ,,-r 


BaCx) = n.x ^ J J jt-up* " U "dudt 

1_A X 
n 

further/ x < l-A/n < t < therefore x < u < t which iaplies 
jt-uj < 1-u < 1-x , consequently , 

n , -m 1 t 

B^Cx) i n^x ^ J J (l-u)”^ Cl-x)*^"^ U“^du dt , 

1_ A X 
n 


n -m 1 t 

:S nj.x (l-x)'^~^.x"^J J du dt , 

'J' t: ^ 

n 

n . -m _ i 

= n.x ^ (1-x) ^ -X Ct-x)dt 

A 

1- ^ 
n 

n, -m 

iwr i N 2r „-r 

iiMx (l~x) .X 

Using lemma 4.3.5 and (4.3.8), 

(4.3.26) ^ (n^-m)“^^ si M CnX)”*^.n"'^ :£ M n"*^ 


Next , we take up B^(x) 


Here observe that if — < x 1- — then a similar analysis , as 

n n , ^ f 

1 

done for B^Cx) , gives 
(4.3.27) B^(x) i n n~’^' . 

So, let 1-— :£x<l-— , in this case 

n 

1 - t 

n t ? ~i 

B (X) n. J 1 J ^ u'^^duldt 

^ ^ m X 

" ^i 


1- ^ t 

< n. J jt-x)|^'^"^(X~^ + t"*")] j dujdt 

m ^ 

n . 

i 



^ J cx + t""") dt 

1 - “ 

n . 

X 

£B A '> w. 

But , 1 - — X, t ;S 1- — implies that |t-x| :S M n and 

' X~’^ ^ n , 

T~^ ^ n 


Thus , 


(4.3.28) B^(x) i M n.n 


Inequalities (4.3.26-28) 
Now,, (4. 3. 22) and (4.3.26) 



J dt < n n 



establish (4.3.24) and hence 
together complete case (a). 


( 4 . 3 . 25 ). 


Cas e (b) : Let min (x, 1-x) < A/n. 

Again using Taylor'^s expansion with integral form of remainder, 
but this time truncating the series after r terms , 


m 


S^(x) 


r-1 r~l 

,(m+l) 




S = 1 


1 = 1 


i = 0 


n ^ ! 

[' 

i 


n^ ~m 


k + s 
n , 


Z . . r ^k + s 

i„ f— - '> >“ 

k 1 


k=0 


in 


^i 

r~l 


(m- 


ITT (7^ Z ra I 

s=l i=0 


n , -m 
1 


s = l 

k+s 
n , 

i 


y p j (t-u)"-^f 

k=0 


r-1 , (iB-i-r) 


(u)dudt 



Proceeding along the saute lines as in the previous case we get 
as in (4.3.10). 

r~l 

Sj^l(x) =y^ A(s,u,l ,v, j,x) V cCi.rO -i— I .(x) 

i=0 - 

where A(s , I ,v , j ,x) is same as in (4.3.10) except that 
Therefore by remark 4.3.1 , 

(4.3.29) |Sjj(x)| S K 

As for > 




. n , -m 

m r-1 , 1 

ri . ! 


X! Z Cn 4)! Z ‘'n -m.k'*’ 'n ’ 

s = l i = 0 k=0 ^ ^ 


ffi-1 


k+s 


n , 


‘i t ^ 

J I J du\dt 

k X 


n , 


III r-1 


n . -n 

i 




a.,2. Z Z Z 

s=l i = 0 i k=l 


P., ™ 1,<3C) 

n . ““ 11 , K 
1 ' 


k-»a 

"i _ . t 

J- It-xl"^ i J du|dt 

k X 


n, 

i 



< M 


m r*“l 

L i. r 

®-l i=0 v^n 1 


kCx)J jt-xj'^dt 
k 


By leiDiDa 4 . 3 . 3 , 


|Si 2 (x)( Si ri 


m . r~l 


2 r 2 r*-i 


2 r 


£i 5o " ^^0 T. 

^ ^ u 1 u = 0 j^o ■*■ 


Hence to complete the 


(jfCiu) 


eat imat ( 


® r-l 2 r 2 r 


£ £ ^£ 


( 4 . 3130 ) |S^ 2 (x)l ^ H 


00 , 2 r 


“in Cx, i-x) ^ A/n 


all that is needed ia to show that 


2r 2r-t> 


Z Z = 0 ( 1 ) 

1 A — n : — n 1 


v> = 0 j =0 


Now, since T fx') - i j 

n.-m.o'- ) = 1 and T 


“in Cx, l-x) i A/n, 


n.-m 0^ ^ Q-na r — n 

i ' -m , 1 ^ ^ ^ only terms 

corresponding to ? > 2 n^irrU-t +- i.. 

° J - 2 ought to be considered. But j > 2 

ilBplies 0 1> < 9r%— o 'TK 

- 2 r 2 . Thus we need to show 


J 2: 2 


show 


2 (r-l) 2 r~iJ 

( 4 . 3 . 32 ) £ ^ |T 


’ n^-in,j(^^l 0 ( 1 ) , j„in (x, l-x) < A/n 


Since, j >2 using ( 4 . 1 . 3 ) the 


shove can be written 



2Cr-l) 2r-v Cj/2] 

E t~-' r — 1 

I i I ‘.,i 

v=0 j=2 k=l 


(x) (Cn^-ni)X) 


2Cr-l) 2r-v [j/23 

‘ I Z Z 

i> = 0 j = 2 k=l 


Cx)| C(n^-iB)X)‘ 


2Cr-l) 2r-v [j/23 

” z z z 

1^=0 j = 2 k=l 
H 

The last: inequality follows because min Cx,l-x) ^ A/n. 

Thus establishing (4.3.31) and hence (4.3.30). 

The inequalities (4.3.30) and (4.3.29) together complete the 
cas e (b ) . 

Hence, we have that for x « [O.lj. 

n ’ 

This together with the estimate for ^2^^^ and(4.3.7) establishes 
the theorem , ■ 


Corl lary 4.3,1 : Let £ ^ A 


m 

2r 


i f-fB :s: M n“’^||f|l , 

n , r » m , ” m , , 2 r 


then 


Proof ; Ditzian[25] proved 

^ « ''2r ■ 

This together with lemma 4.1.7 and theorem 4.3.1 establishes the 


corollary . ■ 



4.. 4. INVERSE THEORFM 


THEOREM 4.4.1- Th^ f..-,-. . . 

■ ^ following are equivalent 


i ^ £ 4a ^ 


m 

2v ,4, 


uh.re KCt.f) = i„( 


g « ^ 


2r 


{ «f-«L - t Bey„ 3^ } 


Proof ; 

i) implies ii) 


By (4.1.1), for f « C^CO.l] 

>®n^Ba.oo = ^ H^IL si K 

Thus , 


1B,CD 


B®n,r^Bin oe> ^ ^ IfB fjj < M 

Oiiir-l ”i 


m aCH 


Now 


suppose f « ^2r,^ • Therefore for given t there exists 
.m 


S|. « >< 2 r. such that 

(4-4-1) If-fitflm,* ^ Cj ^(t) 

(4.4.2) ^ ^(t) 

The symbols ... are constants independent of t and n 

Thua , 

^ («*n 

By corollary 4.3.1 and (4. 4. 1-2), 


m 


m 


|B 


n.r^~^B„,«. ^ C^(M+1) ^(t) + CjM n~"'t'2‘^^(t) 



Taking t 


(ii) follows 


ii) implies iii) is obvious 


iii) implies iv) 


Suppose f-f 1 


To show that Kft^*^ , f ) = OC^(t)) 


= 0C<p(n~^/2^) 






{ C3 


{ * llOL,2r } } 


where g is such that g^*”^ « .4™^ . 

Since |Bn,r^fl®,2r “ ” 0:Si5r 1 ^^^/IL.Zr ’ corollaries 
4. 2-1-2 it follova that 

Now lemma 1.6.3 gives (iv) . 

iv) implies i) 

In order to show that f « . or in other words that 

2r,^ 

2 

K(t ,f) = 0(<^Ct)) , it is sufficient to show that for given t 

there is an g in such that (4.4. 1-2) holds . 

Ip t z r 

Note that, for € 4^ , 


( 4 . 4 . 3 ) 


^(t) 


^ X , 


0 < t < c . 



of t. 


where X is a constant independent 
Now suppose = 0(<^Ct)X 

^t that 

(-..4.4) ^ C, «t) 

(4.4.5) i Cj «t) 

Let 


thus, for given t there is 


X s. 


«t^^^ = I I ^ •••/ 


m-1 


n -n h Cs)dsds ....ds, 

0 0 0 ^ m-l 1 


+ f(O) * xf'(O) 4 ... ♦ f'”-l>(0) 

1 Cm) ly* 

clearly g^ ^(x) = h^(x) 

Moreoveri 


fCx) . / /l .../»-l ,(»)j^, 

0 0 0 1 

+ fCO) + xf'(O) + ... + _2E ^ 

(m-l) ! ^ 

Thtis^ 

|f(x)-g^(x)| i / lf^""^(s) - h.(s)ids < ||f<“>-h a 

0 ^ " t *»<» 

and if^-Xx) - g<“\x)| = I ('">(*) - h,^(x)| s . 


Therefore by (4.4.4), 

FurtheTj 

1 ®~1 

J \\CB)\dS + £ 1 jfCi)(0)j 

0 i = 0 • 


a 





By (4.4.3 and 4-4.5), 


*<.f) il*tL ^ 5rty ^ < 


Thus , 




This completes the proof of (iv) implies (i) 


Hence the theorem 




CHAPTER V 


GLOBAL SIMULTANEOUS APPROXIMATION BY LINEAR COMBINATION OF 
BERNSTEIN-KANTOROVITCH POLYNOMIALS 


5. 1 ' PRELI MI MARIES 


Th6 B^rnat e in*“KAnt! orovi t ch polynomifiLla , for ftinctionfii 
to L^[0,1] , 1 p 00 , are given by 


P f(x) 
n 


= (n+1) 


I 

k=0 


k+1 

n+1 




J 


£(t)dt , n « W 


k 

H+T 


^ \ vH-k 

' UJ 

The following leinina gives a relation between P^f(x) and the 
Bernat ein-polynomiala B^£(x) of the previous chapter. 


LEHWA 5.1.1 Let £ « L_[0,11, 1 s: p 5 ». If F(t) = f £(^)<lu 

■ ■ ' — " — r% ^ 


then 


Vl f'*’ 


n 


Proof : 


dx 




k=0 




Let ffl € IN , then the above leraaa gives 
o 



(5.1.1) ^ f(x) = ^ F(x), f « L [0,1], 


1 p CO. 


where F(x) is same as in lemma 5.1.1, 
By (5.1.1) and 1 emma 4.1.1 


n-m 


(5.1.2) P^”^f(x) = f — y p (X) Ff-iS ■> 

n (n-m)! '' ^ 1 *^ln+lJ 

H+T 


k=0 


If in addition f « W [0,1] , 1 p co , then as a consequence 


of mean value theorem 


k+ind. 


-1 FCh^) = . 


K+I 

Thus , 




. V , lc + s®d, ^ 

k^O KTJ 




n-ra 


(5.1.3) 


^ (n^-1) 
(n-m) 


T Z k'*’ 1 


k+mS, +1 
k 

n+i 


f ^®^(t)dt 


k=0 


k+ju^j 

n+1 


TK® ir&'ti»rin«di At^cr S^aca W 


P> 2r 


Followinfi Uinslin[92] , for 1 < p < a? and r e [N , 


'p.2r 


= l^f « Lp[0,l]: « loc. A.C. (0,1) 

and « Lp[0.1J j- 


The spaces U .. are now defined as follows 
p , 2 r 



These spaces are normed by 


1^1 


», p , 2r 




where |f|p = NfJ^ j, and 

|f|«.p ' llf|p * Hf'-’llp- 

'J' 

The intermediate space defined using the Peetre 

K-£unctional 


K Ct,f) 
m 


inf I 

e«u® 


! + t 

»in,p «-Bm 


.P,2r } ' 


f « Up [0,1] 


P , 2r 


For ^ > l«t 


U®’t = -f 

p , 2r ^ 


f « U® [0,1] : K^Ct^'^.f) = OC^(t)) 


} 


THEOREM 5.1.1 : The space complete with respect to the 

•■I»,p. 2 r • 


Proof: Let {f ) be a Cauchy sequence in f U® _ 

n p,zr 


) 

fTi , p , 2 r 

) and 


then {f } and are cauchy in ( U®[ 0,13 , 

n n p “ ffi p p 

( L^[0, 1] , I* Ip ) respectively . But these spaces being 

complete , there exist £ and g in 
respectively such that 

If -f| and |X*^£ go to zero as n goes to infinity . 

® n w n ”jo 

Now define, 


„r,.«-»’2r 
T = X D 


Following the notations of definition 1.5.5 



DCT 


T ,p,p 


) 


/ f . f(n>+2r-l) , 

^ ^ « loc. A.C. CO ,00) 


i^^lp < “ 


■} 


Clearly 


By lemma 1 . 6 . 4, is closed . Also T f converges to g 

in the L norm . Therefore , using the fact that T is closed 

T ,p,p 

on D(T ^ one gets 

f « DCT ) and T f = g 

From here it follows that f « U® g = 

Hence the theorem . ■ 


LEifflA 5.1.2 : Let f « U®[0,1] . 1 i p s: , then 


IP fH < M Hfjj 

■ n "m , p " Hm , ] 


Proof : From (5,1.3), 


n~m 


k+m+1 

HTT 


(P^®>f(x)| K (n+l) ^ Pn-„,kCx) J |f^®^(t)ldt 

^0 ’ 


nTT 


= H J K(n,m,x,t) |f^“^(t)| dt 
0 


n-m 


where « (nel) V P„.„ ,;(*) “<* 

k=0 

, ^e. r a. 1 r k+m+1' 

is the characteristic function of the interval ^ , “n+I ^ * 


By Holder's Inequality, 



(P^^^fCx)! :S M K(n.in.x.t)dt j 

[ i^(n,in,x,t) j f j ^dt J 


Therefore 
1 


1 n‘~in k+a+l 

;^|p' ^f(K)|Pdx s K(„.i) y j p^__^ ifC.) 

k^O ^ k 


m 

«_«. k+a + l 

n~in 3 — 

r— H n+1 

"I 

I 1 

a = 0 



n+T 

in 


"I 


a = 0 

0 

fip « iif'”'ip 


k 

H+T 


dt 


(t)|Pdt dx 


Thus , 

(5.1.4) |P^“^ 

" r 

Since the same holds for m=0 as well, the lemma follows . ■ 

.L:. ! • 3 [ 9 2 3 : Let 1 i p < « and £ « ^^[0,1] be such that 
loc. A.C. (0,1) and £0,1). Than for 

i-0,...,r, X « Lp[0,l] and there exists a constant M 

such that 


j^r-i ^(2r i)„ ^ ^ 

P 




LEWMA 5.1.4 : Let 1 i p < eo and f « U® . , then for i = 0 

p,Zr ' 

( ni+ J ) 

^ « L [0,1] and there exists a constant M such that 


- , t- . 





tj , 

Proof : Using lemma 5.1.3 for j = r and lemma 1.6.1 for 0^j<r, 
the lemma follows . m 


LEHMA 5.1.5 : Let r,m € W and 1 p < ® th 


en 


^p,2r ^ '“p.2r “ ^p,2r 


(5.1.5) |f| 


p, 2r 


i M 


Ja,P,2r’ 


where |f|p 2 ^ = Pip + . 

Proof : For iii=r = 0 the lemma holds trivially . So let m,r 2: 1 and 

^ ^P,2r £(®-*-2r 1)^^^^ A.C.(0,1) and 0 , 1 ] . 

That f ^ « loc A.C.(0,1) is ofcourse true . In the tollowing 

r ( 2r I 

we show that X f « Lp[0,l]. This is done in two part.-? (i) mStr 
and (ii) 1 i m^ r-1 . 

Suppose m i r, applying lemma 5.1.3, 


^ n |£'"’lp,2r' 

moreover, since S: 2r an application of lemma 1.6.1 together 

with the above gives us 


n Ifll _ . 

■ "p 0 Mjb ^ p , 2r 

Thus, using the boundedness of X we get 

and hence (5.1.5). 

Next let 1 ^ m < r . 

Using lemma 5.1.3 together with X 1 -, 





^ M BfB 

® ^10, p, 2 r 

Hence the leiaiaa . m 


5.2 BERNSTEIM TYPE INEQUALITY FOR t « W*[0,11 

P 

Propoaition .5_ . 2 , 1 ; Let f « U®[ 0 , 13 , li paloo, m«lN and r « W. 
Then 

Before we take up the proof of the proposition we aention the 
following reaulta from [92]. 

LEIUIA S . 2 . 1 : Let a be a fixed non-negative integer . Then for 
n,k 4s W and satisfying s < k < n~a 

T = (n+1) (fj) J (x - x*'"® Cl-x)''"^~® dx 

= 0 (1/n®). 

The capital O-term holding unifornly in k. 


LEIOtA 5.2.2 : Let a be a fixed positive integer. Then, for k 
satisfying Oikalaorn-ssikin, 


(n»i) (- - X) 


2 , ^kCl-x)" dx = OC-^) 

n 


The 0-ter» holding uniforialy in k. 


Proof (of the proposition 5.2.1): Since P^fCx) is a polynoaial 
of degree n the result is trivial for n < »+2r . 



r.2 


par :a 


Let n i a+2r, the proposition will be proved in two 

Case (a) : Let min (x, 1-x) ^ , A Is so\^ co-^stoiAt. 

n-m 

By (5.1.2), 


pCm+2r) ^ Cn+l)! 

(n-m-2r)! 


n-m-2r 

^ *^n-m-2r ^ 1 

TT+T 


k=0 


a+2r+l k . 


where. F(x) = J f(t) dt . 

0 




Since £ ^ ^ [Oti] » hy mean value theorem. 


. *. ^ ^ sv . jL .2r‘^l ^ k 

^ = z: A , 0 < < 1 


,m+2r-«'l k 

1 

K+r 


Cn+1) 


m 1 

HTT 


n+1 


J. 


k+rodj^+l 

n+1 


f^®^Ct)dt. 

(n+D® k+m^^ ^ 

"II+I — 




JL m H 

T ' sir’'**- 


Thus , 

X^l (X) I s: M X'^n 


«v ■ auw , » X 

k 

- 2r 

n+1 

k+m^, 

k 

2_^ 

j=0 

n+1 


2r + l 
n 

I ( 

j=0 


n-ffl-2r 


k=0 


-m-2r ,k 


(X) 


k+me, +1 

k 

“’■"k 


n+1 





2r 


n-ffl-2r 


j=0 k=0 


k+m+ j + i 


J. 


n+1 


k+j 

E+I 


j £'“\t)jdt 


(becauaa 0<dj^<l) 


(5.2.1) = M J GCn,ni,r,x,t) j f ^ ( t ) | dt . 

0 

where , 


G C n , m , r , X , t ) 





and > , .(t) is the characteristic function of the interval 

**»*■> *^ » J 


k+j k+iB+j + 1 

t il+T' “17+1 — J- 


It can be easily verified that 


1 

f G(n , ro, r , X, t ) dt = (nv+l)(2r + l) 

0 

Now Holder’s inequality gives that the right hand side of 
(5.2.1) does not exceed 


M n^‘^x‘^C(iB+l)C2r + l))^'^‘^ ^ 


J G(n,ffl,r,x,t) j f^®^(t)i**dt) 1 

n 


i/p 


Therefore, 

|^rp(m+2r)^^^)|P ^ J G(n , m. r ,x , t ) j f ( t ) | ^’it 



2r n-ia-2r 


(5.2.2) 


j=0 k=0 


k=0 

k+ffl+ j + 1 


J 


n+1 


k+j 

H+T 


jf^®- Ct)|*"dt. 


®inCx,l-“x) implies that either x :S — ^ or (1-xl < ^ 


fm 




either case 


(5.2.3) Cn-’m)X ^ A. . 

A 

Suppose X S: then by (5. 2. 2-3), 

_A_ 

Jq lX*^P^®'^^’'^f(x)|Pdx i n n^'Pcn+l) 



n+T 

2r n-ai-2r m ^ 

k+s+ j 


M X! X! X! |f^®\t)j^dt 


j=0 k=0 B=0 

2r m 


n+1 


s y y J . 

\ ^ /V 0 


j=0 a=0 


Thtis 


l^llrCm)| 


(5.2.4a) - -P 

Similarly, 

(5.2.4b) ^ « b^ 

“ p*- n-m 



Case (b): Let i x S 1- _A_ 

n-m n-m ’ 

By (5.1.3), 


pt”^f(x) = 
n 


Cn-i-1)! 


n-m 


(n-m) 1 (n+1) 


fit 


Y. J 


k=0 


Hence , 


k+ffld., -i-l 
k 

” 10+1 


k+n^j 

“n+T 


f ^®^(t)dt 


(0<d^<i) 


n-m 


n 


(n-ra) I (n+l ) 


5 I J, 


k+tn©, +1 
k 

n+l 


k=0 


k+i»©j 

"n+r 


f ^®\t)dt. 


therefore by lemma 4 . 1 . 3 ^ f (x) ia a sum of terms of the 

type 


n 


S(1,3,X) = (n-m)^ q (x) 

(n-m) ! (n+l) X ’® 


n-m 


k+m©, +1 
k 


Ck-(n-i«)x)^'^ p Cx) J £'"’(t)dt 

EiO ■ ‘‘***k 

n+r 


I 


where I, siO, 2r-2l-si0 and q, (x) is a polynomial 
Independent of n and k. 

Thus , 

n-m 

(n-m)-|qj^g(x)t ( K- (.n-mjx | ' 


|S(l,s,x)| :S M (n-m)^lqj^g(x)l ^ (k-(n-ffl)xj 


k+m+l 

n+l 


iT+T 


j f^®^(t)jdt 





n-m 


k+ii+l 

li+i 


k=0 




k 

n+1 




( j=2r~2l-a) 


where , 


n-m 


= (n*l) Y p„_ W 

k=0 

^n.n.k^^^ characteristic function of the interval 

r k k+iB+1, 

•^irnT’ n+i ■* ■ 


By Holder’s inequality, 

1 


1/q 


|S(l»a,x)| i M (n-m)^ f J H(n , m, x , t )dtl 

X ^0 J 

[ H(n.in.x.t)lf^"‘^(t)|Pdt 


But , 


n-m 


J^H(n,iH,x,t)dt = (n+1) I. |k-(n-„)*|'> P„.„ J 


k+m+l 

“n+r 


it 


k=0 


n-m 


k 

K+T 


= (m+l) ^ (k-(n-m)x|^ *^n-«,k^*^ 


(in+1) 


k=0 


n-m 

(I 

k=0 


Ck-Cn-ra)x)^j p (x) 

n-m,K 


1/2 


(by Cauchy-Schwarz inequality) 


_A. 

n-m 


A 

n-m ' 


Since 




by corollary 4.1.1, 



dt H ((n-in)X)j^2 


Hence , 




J^H(n,ia,x,t) 1 f^’®^(t)|^dt 




^ ((n-iB)X)‘^ i-i/2 


]' 


n-m 


k+m+1 

"n+1 


V |k-(n-m)xl-' Pn-n fcC*)/ " * | f (t) { ^'dt 
■ ' k 

H+T 


k=0 


P - _i j n-o-j-l n-m 

" " ^ [(-*)( I * I * I ] 

k=0 k^+1 k=^ffl-j 


k-t-ffl+1 

tk-(n-m)X|j p^_^^^(x) J "" l£<^“>Ct)lPdt 1 

k d 

htt 


(5.2.5) 


For — ^ i X i 1 - 

n-n n-m 




S^Cx) + S^Cx) + S^(x), say • 

A 


Since a > 0 and j S; 0, by (5.2.6), 



- 


S^Cx)<lx S M n'^Pcn+l) 


1 

E l 

J |k- 

n 




k+m+1 

n+1 


J |f'"’ct)|»dt 


^ M n ^(n-m) 


j ^ ^ 

) -X|J 


k+m+l 


J 1 f*‘®^Ct)pdt 


Now Holder’s inequality gives that the right hand side of the 


above doea not exceed 


j 1 

n n*^^ (n-m)-^ X! ( (n-ro+l)(^ 




[; 

0 


Cn-m+l)p^_^ j^Cx)dx 


k+ra+ 1 

1/2 n+1 


] 1 . 


f':”\t)|Pdt 


Usin^ lemma 5.2.2 and the fact that F P fx'idx 

jQ^n,k^ ^ 


i A . k+m+1 

n-m n+1 


(5.2.5a) J S^(x)dx K V J |f^®^Ct)| 

A r—fn k 


along similar lines 


(5.2.5b) J S2(x)dx i 




k+m+1 

n+1 

J 1 f ^®^(t) p^dt . 


k=n-ro— j 


n-m 



Aa for S^Cx) by (5.2.6), 


1 - 


A 

n-ffl 


_2 n-m-j-i 

rp. ^ 2 t— . 1 


n-m k=j4l 


k+a+l 

“n+l 


J !f*^"^(t)iPdt dx 

k 

ETT 

Proceedine exactly on aimilar lines as for Sj_(x), but, using 
1 eaxna 5.2.1 instead of lemma 5.2.2, 


1 - 


n-m 


n-m- j-1 


(5. 2. 5c) J S_(x)dx i n n*^^ 

^ k^l'+l 


n-m 


k+ffi+1 

n+ 1 

J }f*^®^Ct)j^dt. 

il+T 


Thus (5.2.5a-c) in conjunction with (5.2.5) give 


1 - 


n-n 


J |S(l ,a,x)|*’^dx :S M n 

n-m ^ 


rp 


n-m 


:=0 


k+m-»l 

n+i 

J I £^“^(t)|*^dt. 
H+T 


Consequently, 


m n-m 


= W n’^P X X! |f^®^(t)|^dt 


1=0 k=0 


k+t + 1 
n+r 

k+l 
n+1 


n-m+l+1 
m r-3 

n+1 


i H y J |ff”)ct)|Pdt, 


n+1 


m 


1=0 


s n n'-f ^ / |f'">ct)|‘’dt. 



Since X P 


r (m+2r) 


n 


f(x) is a sum of terms of the type S(l,s,x), 




^ M n 




L 1- _n_i 
p^n-ffl '/ n-m-' 

This establishes case (b) and hence the proposition . ■ 
The following corollary is a consequence of th? 
proposition and (5.1.4). 


above 


- Let and r « IN . Then 


lC^f|lp,2r ^ 


5.3 BCRMSTEIM TYPE INEQUALITY FOR FUNCTICrtJS IN W 


Pp2r 


THEOREM 5.3.1: Let f « U*” _ . 1 i o < oo. Then. 
— — — p,2r 




^p,2r 


Proof : By (5.1.2)^ 


n-m-2r 


r C.*2r) , U+1) 

n ^ (n-m 


->•1)1 

-2r)! ^n-m-2r, 


ffl+2r+l 


k=0 


IcCx) X- A ^ 
n+T 




where F(x) = J fCt)dt 

0 


Let , 


n~ro-2r-l 


fi+ 2r‘^- 1 


pm 


' (n-»-^r 7T X ''n-B-2r,k«*5 x"" A ^ 

■ • n+T 


k=l 



Using (5.1.3) one gets 


S(n,®,f,x) = 


/ ..tN. n-®-2r-l 

k=l 


^n-m-2r,k^*^ 


k+(m+2r)ej^+l 


J 

k+(ia+2r)e, 




(0 < < 1 ) 


Thus , 


n-m-2r-l 


k+iB+2r + l 


j sen,®, f ,x) I S « (n+1) Y ' P ^ , (x) T 

/ , n-in-"2r,k J 


k 

n+1 




n-®- 2 r- 1 


^ n (n+l) 


Pn-®-2r.k^^) ^ 


, k >,r.. (k+m+2r+l) .r 

KTl 5 


k+ffl+2r+l 


tC] fCm+2r)^^j 


n~in-2r~l 


^ " [tI^] Y. 


P , ,,(X) X" 

^n-m-2r,k 


. k .r .n-ra-k-2r-r 
^n-ra+i ^ n-ffl+i ^ 


(5.3.1) 


k+ffl+2r+l 

n+l 

I 


t'* j f (t) { dt 


Next it will be shown that for 1 < p < 



C5.3.2) jSCn.ro, f ,x) |P ^ m (n+1) 


n-ra-2r-l 


z 

k = l 




k+ia+2r+l 
n+1 


C — - .r k 

n-m+1 '• n-in+1 -* ^7^ 






Observe that for p = 1, (5.3.1) is exactly the above inequality 
except possibly for the multiplicative constant. By Holder's 
inequality. 


n-ffl-2r 


lS(n.»,f,x)| S M [ ^ 


(X) 


k=l 


X k . r ^n-m-k-2r . r 

^ n-m^l ^ 


l/q 


n'-in~2r 


^ A 1. Ml 4 

I 

k=l 


Pn-m-2r.k^*^- 


f.__ ^ . r .n-m-k-2r . r 

''n-m+1 ' ^ n-ffl+1 ^ 


k+m+2r+l 
n+i 


[^(n+1) J j f jdtj 


P 


k 

n+1 


1/P 


Uinslin[92] has shown that 


n-2r-l 


I 

k=l 


'‘„-2r,k '■'> 


k . , n-k-2r.,r 


s: C 




)3 


where C is a constant independent of n. 

So, ,in view of this and Jensen’s inequality. 



12 


f n-in“2r 

|SCn,m,f,x)j Cn+ 1 ) V 

Lu ^n-ni-2r, 

tr-— -I ^ 


.Cx)- 


1 

n m+l'^ ^ n-fli+l > 

k+ffl+2r+l 


n + 1 

^ h 


JI+T 

^ J 


jr . 

To complete the estimate for Sfn «, < s . 

S(„. fclloWng i, r..,„lred. 

(5.3.3) (n+I) 1 r 

Q ^ 3^fcSn-2r-l 




where C is a constant independent of n and k. 
This has been established in C92,ppi55] 

Uaine (5.3.3), with n replaced by n-m.in (5.3.2) 


|S(n.m, f ,x) I ^ dx :S M C. 


n-m-2r-l 1 


E tl+1 

k=l k J 


s; M 


k 

K+T 


i n 


n-m-2r-l 2r+m 


k=l j=0 


2r+m 

n+1 


k+ j 
n+1 




2r+m 


^0 “ 



to k = 0 


(5.3.4) j; M jlx’^f 

"P 

The terms S (n,m,f,x) and S fn n, f 

° n-in~2r ® correspondin*^ 

and k = n-m-2r respectively, ..ni k ^ i 

^ ■" be taken tip now. 

(5.3.5) S (n.m.f.x) = X*" n . ^ 

° (n-m-2r)! ^ ^n-m-ar , 0 ^ 1 ^(0) 

n+i 

Now, 


r+m+ 1 


1 1 

iT+T 7r?T 


A F(x) =J -..f f 

1 -^0 -^0 1 ••• 


«+r+l 


for 0 i: X a; 


H+T ■ 


Thus, by Jensen’s inequality, 






1 1 

H+T H+T , 

I ...J I (*+t, 

n n 1 




'm+r+l 


1 1 

HTT H+T 


(n + l)f"''^^^^^^P-l^ -*'o ■■■■^0 


x+t_ + . . . +t ^ + —~ 

2 m+r+1 m+l 


x+t, + . . . +t ^ 

2 m+r +1 




(l<p<«.) 


“w+r+l 


(n+ 1 )®^"' * 


Lp[ 3 ,l] 


Consequently, 


m+ 2 r + 1 


in+ r + 1 


S^a.) jA ^ FC0)| = [A ^ A ^ F(0)1 


n+1 n+l 





in+ r 



rro+r"^ I .m+r + l 

I j 1 

n+1 



(5.3.6) 


M 




IK 


(m+r). 


Further using Sterling’s formula 


l='"‘'„-»-2r.o'*’BE to, 11 = J Cl-x)''» dx 


- r( (n-m)p - rp + 1) r(rp-H) 
f'C (n - jo)p +2) 




_ _ 

((n-in)p+2)'^^~“^P^^/2^"^^^-®)P^2)^2„)l/2 J2((n-m)p42) 


where 0 < < 1 . 

Hence, 

-r- - 

(5.3.7) |x''Pn-x„-2r,0^''^llp ^ ^ (lip<«) . 

The inequalities (5. 3. 6-7) together with (5.3.5) give 
|S^(n.m.f.-)ap n ||£‘^“"’^^||p (l<p<ce) 

Due to symmetry, in a similar fashion 

The estimates for S (n,ro,f,x) and S (n,m,f,x) together with 

o n"“m“ c» V 

’5.3.4) complete the proof of the theorem 5.3.1 for 1 < p < <» 


r(rp4i) 
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1 

n^l 


F(x) =J ...J 


iT+T 


1 

_n+l 

0 


f (x+tj + 


'm+r+l ’ 


0 X s: 


in+ r 
n+1 


Thus , 
r+iB+1 




IT+T 


1 1 
n+1 n+1 


FCx)l i J ...J 


x+t,+ . . . +t ^ ^ ^ + _i_ 
2 m+r+1 iii+T 


I 


x+t-+ . . . +t . 

2 in+r+1 


s: (n+l)'®"*' 


I fC® (s) j dadt- . . .dt 


ra+r+1 


Conaequently , (S"- 3-5"*,)^ 

|A ^ F(0)| i (n+l)'®"^ - 

IT+T 

Now in view of (5.3.7) the above inequality along with (5.3.5) 
gives 

|S„Cn.»,f.. )||j S H , 

Furl: her due to aymmetry 

These together with (5.3.4) proves the theoreia for p = 1 as 

well .ii 


Corollary 5.3,1 : Let f € 2 ^* 1 p < od, then 


lC’f|p,2r ^ " af‘"^llp,2r 


Proof: Follows from the above theorem and (5.1.4). ■ 



5.4 ORDER OF APPROXIMATION FOR f ^ W 

p, 2r ^ ^ P ^ 


In this section a direct 
by linear combination of 
established . 


theorem for simultaneous approximation 

Bernstein-Kantorovitch polynomial ia 


theorem 5.4.1 : Let f « u”* i < „ . 

p,2r ’ ^ ^ P < ®- Then 




'P, 2r 


Proof : Let S(x) 

r-l 




C( i , r) 


.=0 




r-l 


. = 0 


rCn. + l)! 




c = 0 


m+1 

P j 


n. -m,k 


n^ + 1 




where F(x) = J fCt)dt. 

0 

Use of (5.1.2) has been made to get the above. 
By lemma 3.2.3, 


S(x) 


nc-u 

i=o s=o 


m+l“s 




k+s 

TT-rr 


I (If?! - »]”' 

k=0 ^ ^ 


tj f^®^Ct)dt 


£^“^Cx) 


n^ + 1 



By (1.5. Id), 


cc r-1 




I "i I "i' 

j=l k=r i=0 


Thus 


IJ, ^ i. M 

SjC*)! S ^ |b.| ^ |C(i,r)| nj- 


S H ■>-■'. I 


m ocj r-1 

>1 1 Z I "■ 


j=l k=0 i=0 


s: K n T. j f^-^^Cx) I 


(using (1.5. la-b) ) 


Therefore , 


C5.4.3) |S2li,^(0 1, S n n - 1 f IIl^ f 0 , 1 J ^ l|f'”’llp.2r 


St^mAT'lc B. 4l* 1 : Inequal ity (5,4.3) holds good for 1 ^ p < ct>. 


The analysis for S^(x) will be carried out in two parts . 

A A 

Case i: Let — x 1 - :r» where A is some const mt 

n+1 n+1 




CCi .r) 


(n m) ! mi 


n 


I m I s-,.. 


Epr 


J r - tl ( - £^®^(x))dt 

k ^ i 


Ui-M 


Taylor’s expansion vith integral form of remainder gives 



V50 


2r-l 


a. 1 ^ 2r-l , («+ 2r ) , , , 

( ^r-i) ! I ^ ■'(u)du. 


1 = 1 


XhtiB , 


fii+ 1 


2r*“l 


r-l 


!(":'] '-'>”*^'‘7 4,£C«^0£,, y eci.r) 

0 = 0 1=1 i = 0 


n . HI' I ' 

Cnj + 1)!_ "i* 1 

nTTrjiTTl ^ -T [ ir - n - - ‘] '’^-*5 

k=0 ^ ^ 


k-^-B 


■<lt 




ni~iH 


’Z! 


k=0 


' 11 ' 


IB + 1 

r-1 

I rr] 

I ^ jia + l-s 

a = 0 

^0 

k+s 


tl i + 1 

C;:« - ^]Vct 

^ 1 X 

. Cx ) J ■ 1 

k 

n i+ 1 


Si ^ Cx ) 



CCi,r) 


(n. + l ) I 
Cn^— m ) ! 


.2r-l,Cn>+2r)^ .. .. 

0 '^Cu)dudt 


(5.4.4) 

Applying lemma 3.2.1 with a = k/(n^+l) and h = a/(n^+l) 

m+1 2r-l I 

^ 11 ^*^ - ^ ) . [ 3 /. "TT^ (m+v+DlCl-i.) 


« T Z. U J 

0 = 0 


I 4r 


a+i>+l 
T 


1=1 


1^ = 0 


(ni+l)! -l-m- ^ 

X 1 C( i , r) - 7 ^: ::7vt (n , + 1) 


E 

i = 0 


(n^-m)‘ i 


k=0 ^ 


l-%> 


Using lemmas 4.3.1 and 4.3.2, this can be shown to be equal to 
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ffl+1 


2r-l 


8 = 0 . l^l 


m+%»‘^l, 


r-1 


IB ! . I t . s ^ ^ ^ ^ 

(m+ij + 1 ) ! ( I -V) i ) 0:(i,r) 

v=0 t^o 


in 


I 

p=0 


b (n.+l) 
iJ i ■’ 


I -V 

i=o 


n . -m 

X 




k=0 ^ 


In a more compact form, one has 


(5.4.5) ~ E^^Cs , I ,v ,/j , j ; x) . S(n, m , I , j ; f , x) 

where represents a sum over 0 <s< m+1, 1 2r-l, 0 ^ ^ m. 

0 i w ^ I and 0 s; j ^ I ~w , 

A(s,f ,v.,p. j;x) = C-l)”* ^ ® S 17 i -,.S t 5 ,_,.Cx) 


(J1r+v -f 1 ) 1 ( I -^> ) [ 
r-1 


P j , I -i> 


and 


S(n,m, i ,p, j ; f ,x) = f^“''^^^(x)^ C ( i , r ) . (n^^ f i. ) '*■ ^ ^(x) 


-m 


f^o 


where T 


k=0 ^ 


In what follows it will be shown that for 1 2r-l, 0 p 5 m 

and 0 j I -v where 0 v 1. 


(5.4.6) jS(n,m, I ,iu . j ; f ,x)jj 


L f 1 - ^ 1 

p'-n+l ' n+1^ 


^ M n 


-r- n^C®)! 




Before this is taken up observe that 
(5.4.7) jA(3,l ,v,AJ, j;x) j < K 

where K is a constant independent of n and x. 
As fob establishing (5.4.6), by (4.1.2a), 


p,2r 



^32 


(5.4.8) S(n.,ni,l,p,l;f,x) = 0, 1 < i < 2r— 1 and 0 ^ /j <a+ 1 

and 

r-1 


SCn , m, I ,/j, 0 ; f , x) = 


I 


(X) ) CCi .r) . (n. +1) 

X 

i=0 


l-p 


r-1 ta 

i=0 q=l+/j 




r-1 

I -I 

q=r i=0 


Thus 


C( i , r ) n . 


r-1 


(by (5.4.3)) 


(using (1.5. id) 


|SCn,.,l,p.0;£,O||p S Df‘"*'’llp ^ l^’^l V lC(i.r)|n.< 

q=r i=0 




Now by 1 emiRa 5.1.4, 


(5.4.9) |S(n,in,l ,p,0;f )j|p ^ M n f |p ^ 2r ' 1 ^ i ^ r. 


Next let r+1 < I < 2r-l, 


r-1 


lS(n,m,i ,p,0; f ,x)l < lf^®''^^(x)j ^ j C ( i . r ) [ (n . +1 )' 


l-U 


i = 0 


i n (n + l) ^ ^ j f‘-®'^^^(x)| . 


Nov, r + l < I < 2r-l and 0 < /j < in imply l+fj > r. So let l+#j=r+c», 
ot « IN . Further x si 1- implies ^(n+l)X & 1. 


Consequently, 

|S(n,m,l ,x)l < M (n+1)"’""'^ j f ^ (x) } 



Now since 


-4y s: X i 1- -A^ , 
n+1 ,n+l 


[j/2] k 


[SCn.in.l.p, j;f ,x)| - ” ^ ^ | f ^ ^ (x) j J|(n+ 1 )xj 


oi 


k=l q=0 


where a « IN is such that l+iJ-q = c+<x, let ft = r-a+fj-q, then 


[j/2] k 


|SCn,ia,l,^i,j;f,x)j i M n 


-r 



jjk+«-r+/9 j 


= 1 q = 0 


Cj/2] k 

^ N n ^ ^ ^ 2r (because k+«+(9-rS:0) 

^1 ^0 

l+^-q = r+et, r+l ^ I 2r-l implies 1 ft r-1 , thus, applying 
1 emma 5.1.3, 


-r ,,,(m), 


|SCn,m,l ,p, j; f ,x)|{ ^ ^ :S M n " ll^^“‘^8p^2r ' ^ P < 

• » 1 “rTT- 1 


<50 


^pfK+T’-^-STI- 


This together with (5,4.8) and the inequalities ( 5 . 4 , ?-l 0&13-1 I ) 
establishes (5.4,6) which in turn, along with (5.4.7) gives 


(5.4.15) IISiill , A , ^ l|f‘”’Hp,2r - 1 ^ P < ”■ 

^ r\+i-' 

R«inark 5. -4. 2 : Following (5.4.8-9&13) we have that (5.4.6) holds 
irrespective of the choice of x for 1 I i r . 

Remark 5. -4. 3 : The estimate (5.4.15) for Sj^^(x) is good for l<p<oa. 



The remainder terra will be taken up now. 


m+1 r~l 


(n. + l)! 

^ " I I TK^[HfTT] 

a=0 i=0 ^ 

k+a 


IS 


"^i “ iipr ^ 

Y. Pn.-ra.k*^’^^ L IJ 

tr^n 1 k X 


2c-: 


m+1 r-l 


k=0 


n^-ra 


n^ + i 
k+a 

ET+T 


Z -n.-„,k<=‘’Z IJ 

rt? /% < I- X 


2c-: 


8=0 i=0 k=0 

m+1 r-l 


n~+T 


(5.4.16) 


- z z 


5(3, i ,x) . 


8=0 i=0 

It is intended to establish that for 0 s si m+1 


(5.4.17) j(S(3,i, • )jj 

T • 


S'htt -i-httI 


and thus , 

(5.4.18) |S^,B S H n-*- Hf'"’8p,2,. 

p'^E+T '^"E+T^ 


Obaerve that (5.4.17) holda trivially for a 
henceforward ail. 

Let 


n^ -ra 


k+a 

„..i 


i ’ k X 


k=l 


k X 
n ^ + i 


where k ^ when s = m+1 


L| f^®‘^^'“^(u)lduldt 

and 0 ^ i r-l 

;> , 2r 

= 0, therefore 

j f ( ®+ 2 ’^ ) ( u ) j du j dt 


Further , 



1 H 


n ^ -m 


k + s 
TTTf 


(s.i.x) S P„. .„,„(*)/ I 

fn;', 1 k 


t-x 


2 r-l,r^ U ^i 


IJ 


‘dii I dt 


k=l 


-m 


n ^ 4- i 
n - 4- 1 


Cn. + l)V P„ ^(t)J (t-x)^''< 

fel ‘ 


+ T 




IJ u"*! f'^®‘"^"^cu)jdu{dt 

X 


-m 


k+a 
n 1 


G(x).(n. + l)^ 
k=l 


X ^ + T'''^)dt 


1 


where U = u(l~u), T = t(l-t) and G(x) is the Hardy-'Li ttlewood 
najorant of X^f (x) . 

A A A A 

No W'l^ — ■ ■- “ -■ ^ !]S X ^ 1 ”■ ■' " ■ " ■ j^ '‘ "j ' and n^ n, ^ C.n i inp 1 y " ■ ' ' " ^ ^ ^ x ^ X “■ .ni'-i^-^i 

* n+1 n+I i nj:+l 

also k < n^-m for a = m+1. 

Thus, by 1 exnma 4.3.45with ot=2r, ft-v and n,m replaced n^^ + l^ a+1 
respectively, 

S^Cs.i.x) :S n (n. + l)"*^ GCx) 

:s: n GCx) . 


Nov lemma 1.6.2 gives 

^P^TITI’ ^ n+ 1 ^ 


L [ ^ 1 ] 

p^n+1 ’ n+1^ 


, l<p<oo 


(5.4.19) 


^ « n"" llf'”’Bp,2r- 


Uhat refflains, to be estimated in order to complete the analysis 



foc' 'S^ 2 Cx),ia the term corresponding to (i) k=0 and (ii) k=nj-ffi 
when s = ib+ 1 . 

The term corresponding to k = 0 is 

a 

t j j 2r-l* r j .(ii+2r ) - 

S^(x) = (nj.l) 1/^ ^301 duldt 

Choosing A = ^, where C is same as in (1.5. la). 


n,-ra n+T t . , 2r-l,,r , ,(m+2r) , 

Stx) = ( 1 -x) ‘ J If liliJ !L1E iiiil- 

“ ■'o ■'x u'' 

s 


du [ dt 


n.-m ^i^^ t 


U 


du I dt 


+ (n^+1) (l-x) ^ J IJ 

A X 

iTTT 

= Aj^(x) + A^Cx) 

A A 

For, Aj^(x) 0 i t i s£ X s: 1- which implies jt-uj5u:Sx and 

^ 2 £ ^ 

Thus , 


A Cx) i (n +1) (l-x) ^ J J 
■> 0 t 




dtidt 


(l-u). 


n.-m-r n+1 x . ^ 

(n.+l) (l-x) ^ J (x-t)^^ J U*"! ^ ^(u)|dudt 

^ 0 t 


n.-m-r n+1 

(n.+l) (l-x) ^ x^.G(x) J dt 

^ 0 


_ n , “m ^ 

i M G(x) X ^ (l-x) ^ X 


, , ,,r,(ffl+2r) . 

Hardy-Littlewood majorant of U f . Now, 


G(x) is the 



applying 1 entma 4.3.5 and. using (1.5.1a) the above expression can 
be shown not to exceed 


n GCx) X ‘"(n+l)"^'' 


31 M G(x) (n + 1) 


-r 


(because 


n+1 


X ^ 1' 


- 11+ 1 


). 


Consequently A^^Cx) 3: M n ’^GCx). Therefore, 


^^^1® A A ^ M n jjG| ^ ^ 


^ K n 


Nov, by lemma 1.6.2, 


lh», , A , A , ^ 


(1<P<Q0) 


(5.4.20) 




Nov ve take up A^Cx), Recall that 


n, +1 


n.-m i t , 2r-l.,r t ,(m+2r) . 

(X) = (n^ + 1) (1-x) ^ J jj - 1 — i L!iii dufdt 


A x 

iTTT 


here — ^ ^ also six 1- -4^. For --rr x 1 ^ 


n+1 n+1 

proceeding in the same fashion as for A^(x), 


n. +1 
i 


n+i ’ 


(5.4.21) 


^ L r ® 1-^1 

n+i-^ 

^ i 


lb n n ii f ] 


p, 2r 


Cl<p<<») 


Next let 


n+ 1 


X 


n , + 1 

X 


— -« j% "" r 

Since u varies between x and t, U :S X t T 


Therefore , 
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^ n^+1 

A 2 CX) :fi + (1-x) ^ J |t-xj^*^C X“^ + t"*^) 

A 


IJ f^®'^^'^^(u){dujdt 


Further, note that i t.x :5 implies 

i M Cn+l)*^, 

T~*^ i£ M (n+1)^ and 

|t-xl^*^i H (n+l)"^’^. 


Thus , 


n^ + i 


n , -m i 

A-Cx) s: M (n. + l) (l-x) ^ (n+ll'^GCx) f dt 
^ ^ A 

i^+T 


s: M n~’^G(x). 


before Gfx) is the Hardy-Litt lewood majorant of X*^f (x) 


Therefore by lemma 1.6.2, 


cA ^ 

^p'-n+T’ n^" 


^ M n'^flGjj 

^ n n"^|}X^f^®^2r)| 


Cl<p<*o) 


C5.4.22) 


^ H n-"|lf^“^llp 2 r 


The estimates (5.4.20-22) together amount to 


|SJ 






Cl<P<a>) 



Due to symmetry, 


IS H . ^ < n n , 

" n.-ra"j r_A_ i _ i "P.2r 

'• n+ 1 ’ n+ 1 ■* 

Thus establishing (5.4.17) and hence (5.4.18) 
of (5.4.4) the estimates (5.4.16il8) give 


( 1 <p<«>) . 

Moreover in view 


This completes case (i). 


( 1 <P< 0 D) . 


case ( i 1 ) : Let minC x,l-x) , Substituting 

r-1 


I -4t 


.1 ,(m+l), ^ , 1 r ^.L. Nr-l,(in+r)^ . . 

(t-X) f^ ^(X) + J (t-u) f^ ^(v:)dU. 


1=1 


for f^®^(t) - f^™^(x) in the expression for S^(x) 


m+ 1 




m+1 -s 


s = 0 


(n +1)1 - -i - .in 

^ p . (X) J ii-^T - -1 

(n.-m) *'n^-in,k^ J Ui + l J 

k=0 r— rv 


r-l 

r-1 

I 

f^^^^^x) y 

L=1 

<£ — 1 
i=0 


k+s 

^i 

n, + l 


C(i,r) 


dt 


n , + i 
1 


m+ 1 


r-l 


Cr 


s=0 i=0 


(n.+l) 

m+l-s C(i.r) '■ 


(n^— m) 1 ' 


k+s 


n , “m 
1 


Z [It 

k=0 


^ X 



(5.4.23) 


I^Cx) + l2(x). 


Ij^(x) can be shown, exactly in the same fashion as in the 
previous case, to be expressed as (5.4.6) except that now 
Thus (5.4.7) and the remark 5.4.2 together imply 


MiB a a K n ''|f‘‘®^|j , 

^ L r-^ 1 - " "P.2r 

p ^ n+1 ’ n+1 ^ 


(1^P<*>) 


K^mar-k 5. >4. 4 : The above estimate holds for p = 1 as well. 

•J* 

In the following a similar estimate for I^Cx) vill be 
est abl ished . 


^ r ~ 1 


I z st;;;r(^)T s--" 

s=0 i=0 ^ k=0 


m 


ni~m 


k>a 

nJTT ^ 

J IJ It-ul"*"^! £‘^®''‘'^Cu)|dujdt 

k X 

n ^ + i 


m+1 r-1 


n . -m 

i 


""II Cn,.l,I P 

s=0 i=0 k=0 


k+s 

n. +1 ^ 

/ }J jt-uj'"“^| 
k X 

n , + 1 
i 
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B-5 APPROXIMATIOM FOR f « W 


M 




In last section an order of approximation result for f « ^ , 

p , z r 

1 < p < was proved . Here ve prove it for the case p - 1 . 




THEOREH 5.5.1: Let f « U7 . - Then 

l,2r 


Proof : Let SCx) = p''“^f(x) - . 

n , r 

From (5.4.1), 

(5.5.1) S(x) = S^(x) + S^fx) 


where 

*■ r-1 

‘Y. 

i = 0 


C(i ,r) 


(n. + D! j 


m+1 


n , -m 

i 


(n m) ! m 


s=0 k=0 


k+s 

H 7 TT 


I jQI 

J r - tl ( £‘^®^(t) - f^“^(X))<it 


+ I 


and 


r-1 


i^O •- i s = 0 k=0 


m-*" 1 


n - -m 
i 


-m.k 


(X) 


By remark 5.4.1, 


k+s 


k 1 ^ 


, 1,(m). . 

- 1 ■ £ ^ (x) . 




(5.5.2) JSjIli ^ 2^ 



U6 


As for Sj^(x) let 

A . A 

1 H+T ^ E+T 

J lSj^(x)l<ix = J is^(x)|dx + J jS^Cx)(dx 
0 0 A 

TT+T 


1 

+ J jS (x)}dx 

1 - ^ 

^ htt 


Fro^ (5.4.23), 

Si(x) = S^^(x) + 

where 


m+1 


2r-l 


r- 1 




3 = 0 


1=1 


i=0 


(n,+l)! 
In 


-m 


k+s 

JT-rr 


• ■'■1 ) 'r-r i ® 

1, [htIt - ‘] ct-*) 

k = 0 — TT- 


■ dt 


31 , + 1 
1 


and 


n^-m 


k=0 


m+1 



r-1 

I 

r:^ 


s \ ' 

3 = 0 





k + a 




n+1 


in 

(X) 

i 

J 

k 

fk + s 

[n. +1 

1 


n . + 1 




C(i,r) 


(n^ + D! 
(n^— in) \ 


r-1, (ni+ ') 


( y, )dtidt 


Now in view of remark 5.4.4, 
A 


n+1 


(5.5.3) lS^^(x)ldx S M 2r 


By (5.4.24), 
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m+1 r-1 


n 




s=0 i=0 


k=0 


k+s 
+ 1 


r -1 , r . ,(ia+r} 


J h-^r 7j If 

k X 

+ 1 


(u) j du| dt 


ia+1 r-1 


i M ^ Y R(s,i,x) 


3 = 0 1^0 

l^mma 4.3.3 with n and m replaced by n^ + 1 and ii+l 


respectively, 


2r~2 2r'-2~v 


|EC3,i,*)| S B— ^ [V y |T„ _,,.cx)|] 

Cn , + 1 ) 1 ’ -’ 


1/2 


v = 0 j = 0 


2r-“2 2r“2~v 


•*' 


1/2 


v=0 j=0 


Since T nC^c) s 1 and T - (x) = 0 and for j ^ 2 by (4.1.3) 

n ^ xn , 0 n j|^ ui , 1 

[ j/2] 


^ k=l 


[j/2] 

^ n ^ C(n+l)X)’ 

^1 

i M 


(because x sJ A/(n+l)), 


Hence , 


IT .(x)l:^Il, 0 :<ji 2 (r-l)-v and 0 < v < 2(r-l) 

' n. -in , j ‘ 


Thus , 



C5.5.4) ^ 

The estimates (5. 5. 3-4) imply 

h ^ " '‘'‘'ll'‘”’«l,2r ■ 

A aifflilar analysia showa that 

I 3 i B n-'^|I£f")a 3 3 ^ . 

Aa for from (5.4,4), 

SiCx) = S^^(x) ^ S^^(x) 
where 




2r“l 


1=1 i=0 ^ 


n^-m 


Hj + l 


f— 1 k 1 ■' 


~ TTF 




n.+ 1 . ■e- <n,+l)i 

Hrf-STT 

i=0 


Hi -m 


y p .cx) j 


3"j'(t-u)2‘'-'£'”^2‘'>(u)dudt 

J Y 




In view of the remark 5.4.3, 


n-r 1 _ . V 

; IS^jCxJldx 5 B n "^llf' >H3 3^ 

A 


(5.5.5) 
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So what is required is an estimate for S.-fx) 

JL 

By (5.4.16), 


where 


m+1 

r-1 

< M y 

I 

s = 0 

i = 0 


n^ -m 

= Cnj*l) 

I 

k=0 


k+a 

t 


irpr 


.(m+Zr) 


(u) I du j dt 


so in order to show that 
A 


1- 


n+1 


(5.5.6) J i M n 

A 

E+T 

it is sufficient to show that 
A 


-r„ ,(jn), 


ll,2r 


1 - 


irn' 


(5.5.7) J jS(3,i,x)jdx s: M n ^l! ^ ^ 2r 

A ’ 

HTT 

(Oi^s^nt+l and 

In S(s,i,x) the terms corr eapond ing to (i) k = 0 and (ii) k=nj^-a 
when s = m+l are treated separately . Let S^(s,i,x) be the tern 
corresponding to k = 0, 

s 

n^ + 1 ^ 

/ IJ lt-ui^‘'"^{f‘^®''^^^(u){dujdt 
0 X 


S Cs,i,x) = (n.+l) p n 


choosing A = where C is as in (1.5.1a), 


n4-l 

J [S^(s.i.x)ldx = 

A 

E+T 


ETTT 1- ^ 1- 

J ^ J ' ^ J 


n+ 1 


n+1 *^i^^ 


^ i^ ^ 


j ( 3 , i , X ) j dx 


■’i* ^2 ^ ^3 
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n, +1 


i n -m n+T t _ ^ 

J (n.+l) (1-x) J jj {t-u| 1 1 : LilL dujdtdx 


A 

n+l 


n J + i n , + 1 

i n.-m i t o 4 ii^r* , ^(ia+2r) . . . 

J (n.+l) Cl-x) ^ J IJ It-uj^"^ dujdtdx 

• A Ax 11^ 


n+ i 


n + I 


“ ■^11 ■ 

For which implies jt-u] ^ u and 

Thus, using lemma 4.3.5, 


n, +1 

. _ . i n . -m . 

i M J (1-x) ^ .x"^ ^dx 

A 

ETT 


i M 1— ^ 


(rij^-in) 


F=T 


spr 

^ ; dx 
A 

H+T 




A 3 . 

As for J^2’ 'KTT ^ ^ _ ' Ti ' implies 


— r r 

X si n n 


rii + l 


T ::S M n*^ and jt-xj Si M n ^ 


Thus , 


Jjz ^ 1 JU'f 


r ,(m+2r ) 


Hi^l 


n . ~m 

I J (n +1) (l-x) ^ 

II J A 1 


n+l 


Ui + l 

J |t-x|^''"^(X ^ + T ^)dtdx 
A 

n+T 



s 




n, +1 


dx 


A 

n+l 


n n 


- r ,1 ( m ) 


‘ «l, 2 r - 

The eatiiaatea for and together aiiaotirit to 


■'l ^ « ”'''l|f'”’lll, 2 r • 


^ A a 

For J , 1 - - — — i X 1 - - . v and 0 S! t ve have OrSt^ti^x. 

j Hj+i n+1 n.+l 


Thus, |t-u| u and rr— ^ :5 — 

' ' 1 -u 1 -x n, 


+ 1 


and 


a 

n . + i 


^ n -m t r, (in+ 2 r) 

'^3 " -T (n.+l)Cl-x) J IJ jt-uj^ L-ll' 

, s Ox U 

A ^ 


du|dtolx. 


I '"nv' n. +1 

l|„rj(.*2r) J ^r-1 _1_ „ 

^ ^ 0 


^ n n 


( 1 -x)^ 




For J-, ^ ^ ^ X s: 1 - and 0 i t so again 0 ::St:Sijix. 


2 ’ n ^+1 


n^ + 1 


Hi + 1 


Consequently, |t-uj < u and — T ’ ^i 


^2 ' J 


n. +1 

i 


n.-m t o -t ii^^i rC®+ 2 r ) , , , 

i r iri^.. i2rlUlf du j dtci*- 


(n +l)(l-x) ‘ J IJ jt-u} 
^ Ox 


U‘ 


n , +1 

i 


■ n.+l 
< J ^ (n.+l) ( 1 -x) 


n , + 1 

I IJ ^’"^:u)|dujdtcix- 

0 X 


n . 1 

1 



• 5 ' 




--1 

, J X Cl-x) ^ dx 
0 


^ n n~^ |jf'^“)| 


1 , 2r 


The estimates for and together give 


1- 


n+T 


(5.5.10) J 1 (a , i .X) I dx M n ^ 2r 

A. ^ 

iT+T 


By symmetry 


_ r . 

(5.5.11) J |S^ _^(m+l , i ,x) I dx M n ^ 

A i » 

htt 


2r 


where 1 » i , 5c ) is the term corresponding to k = n ^-m when 

3= m+1 . 

The remaining terns in S(s,i,x) are 

k + s 


-m 


iTj+T ^ 


S^Cs.i.x) = (n.+DV j^(x)J IJ 

4- — i ’ k X 

k= 1 r 'TT- 


n ^ + 1 


ri^~m 


Let K(n^,m,s,x,t) = (n^+1) 


I 

k=0 


’ ,1 


where >• (t) is the charact er ist i c function of the interval 

■^k.s 

, k k+a , 

fnT+T’nTTT^- ^ ’ 

1 i 


S (s.i,*) = r K(„,,m,a,k,t)lJ | t-u | 1 f (u ) | d« 1 dt 

^ 1 X 


n. +1 
1 



1 - 


n+1 


J S (s , i , x)<ix 
A 

il+T 


-r + 


1 p 1- 


s: M (n+1) 


■I ^ 


n+1 


j = 0 


A 

n + l 


iT+T 






C5.5.12) 


-r + 


= M (n+1) 


1 p 1- 

"I J 


•_n A 

H+T 




1 - 


J 


j—j. 


^x. j + 


n+ 1 


Fubini’s theorem has been used to get the above. 

Since :t: -.iCu) is the characteristic function of the interval 

X , j + 1 


[x-( j+1) 


1/2 


,x+C j+1) 


1/2 


], therefore the variation of u is 


m 


1/2 


(5.5.13) X - (j + l)[^J i u i X + (j + l)[- 


1/2 


An upper bound for the range of x for fixed n and u will be 
found in the following . 

Fro,p (5.5.13), 

(x-u)^ = d.(j + l)^ I , 0 e i 1 

equivalently, 

x^(l + - (j+1)^) - x( 2u + I (j+1)^) + = 

n “ 


0 



X 


Tills sliows "tliat; for B. fix6<i vailtis of n sind, u, "two vfiilii€;s of 
are determined . Consequently the range of x is contained 
between the maximum and minimum roots of the above quadratic 
equation as B varies between 0 and 1. The roots of the quadratic 


2u I + ^ / C 2u + I + ^^2^ ^ ^ I (j-^1)^) 


2C 1 - I (J«)^ 

which can be shown to be equal to 



1n 


D i 


Therefore “the measure of tha range of 


X OL - ft 


n + ri + l')'^ i."J 


:S M 


m 


1/2 


n+1 [nj 


1/2 


1/2 


r u> ' f f 1 -v 

y [ « (ciffTTu) * ^ ] 


^ n 


y 


1/2 


(because — ^ <u<l- — ^) 
n + 1 n+l'^ 


Therefore from (5.5.12), 
^ H+T 

J I S^(s , i ,x) I dx 

A 

H+T 


P 1- 


n+T 


E li * X 




j = 0 


nTT 


Thia together with (5.5,10-11) eatabliahes (5.5.9) completely 
and hence (5.5.8) . Thus in view of (5. 5. 7-8), 

1- ^ 

^ ktt , . 

J lS^(x)ldx < n IM lll.2r ' 

Hence the theorem . m 


Corollary 5.5.1 : Let r , m € IN and f « 

IP f-fjj , < M n~’^jlf|L 1 ■ 

■ n , r "m , 1 » “m , 1 , 2r 


then 



Pcoo £ ; Uinslin[92] showed that for r « JN and f « L, „ 

1 , Zr 

^ " "" 11 ^ 111 . 21 . ■ 

Using lemma 5.1.5 and theorem 5.5.1 together with this we 
the corollary . ■ 

5.6 OF APPROXIMATION , THE p - a. CASE 


Following llinslin[92] we have 


«, 2r 
Let, 


{ 


£(2r 1)^ A.C.(0,1) and 

f « L [0,1] : 

4= L [0.1] 

Ob 


u 


m 


Ob , 2r 


= { f . u»[0,ll : f'”> - 2, } 


and 


m , 0 b, 2r 




uher. ||£|1^ = esa . sup l£(x)| and |1£||„_„ = llfB„ + 


x« [ 0 , 1 ] 


That the spaces „ are complete with respect to the 

as, 2r 


l-l 


iH,oo, 2r 


follows from theorem 4.1.1 . 


The space ,<*«*_ is defined as follows 

^ os, 2r Zr 


u”' ’ ^ = -f 

a.,2r \ 


f -s U® : K„(t^^.f) = 0(£^Ct)) I 


Ob m 


where 


K (t.f) 

M 


inf 


.m 




00, 2r 


get 


noTa 



LEMMA 5.6.1 ; Let m.r « iN , then 

o 


rtR 


U“ , C 
CO, 2c CO, 2r 


^ct,,2r - ” * 


2 r 

moreover , 

t^L,2r = ii^lL ^ ^ . 

P^roof : For m=r = 0 the lemma is obviously true . So let ir , r 2: 1 
Now £ € U® implies that ^ loc A.C.(0,1), ^ 

^^[0»13 and ^ L^[0, 1] . In order to show that £ « 

2r m^st have that ^ loc A.C.(0,1), which of course 

is true, and -e L [0,1] . Now, since f and ^ 

OCu 

L [0,1], applying lemma 1.6.1, 
eo 






(m+r). 


Thus, « L [0,1] . To show that « L [0,1] consider 

<Xf OD' 

two cases (i) m ^ r and (ii) l5im<r . Let m 5a: r , then m+r^Zr 
and therefore by lemma 1.6.1, 


(m+r). 


"t ♦ l|f 

V - 1 

moreover, since X ^ 

^ «( iifii„ * ) ■ 

Thus , 

|fL,2r - " H'IL,«,2r ' 

Next, let 1 m < r , in this case applying lemma 4.1.4 


r^(2r) 


|X^f 
Thus , 


«„> ^ H” 11=' 


r-m ,(m+2r~m) 


*00 




*<» 


00 , 2r 


« m 


m ,C30 , 2r 


Hence the lemma . » 



Analogues of Bernstein type inequalities and that of the order 
of approximation for f « will be proved in the follcwing. 

<30, Zv 

THEOREM 5.6.1: Let r « IN . Then 


(5.6.1) 

lfr’'IL,2r ^ 

n 


r TT® 

f « u 

(5.6.2) 


n 


r TT® 

‘ • “»,2r 

and 





(5.6.3) 


< 


II«>.2r’ ^ * 


Proof: In view of the fact that 



f Cx) 


n(n+l) 


F(x) 


X 

where F(x) = f f(t)dt, the assertions (5-6. 1-2) follow 

0 

immediately from the corollaries 4. 2. 1-2. As for (5.6.3), it 
will also follow quite easily from what has been proved in the 
previous chapter and the earlier sections of this chapter. 


Let S(x) = f(x) - f'-^^fx). 

Following (5.4.1), 


S(x) = S^(x) + S^^y:) 
where 




S^(x) 


(n +1)' JL 

i^O 3 = 0 k = 0 


.(X) 


k+s 
n. +1 


k 1 ^ 


f ‘^®'^(x))dt 
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and 


r-1 


SzCx) ■= 


Cn,+l)l 


m + 1 


n - in 
1 


a=0 k=0 ^ 


.(x) 


k+s 

k-tt 


I [^-'] 

k 1 ■' 


m 


t| f^®^Ct)dt 


]- 


m) 


Cx) 


iTTT 




From (5,4.3), 

B^2Bl [0.1] ^ ^ ‘'Bl [0,1] 

00 

(5.6.4) 


S n n-"- 


The term S^(x) will be analyzed 


Case i: Let 


n-»-l 


X ^ 1 


n+1 


in two parts 


As in case (i) of theorem 5.4.1 


Si(x) = S^^(x) + 

iA\aJ.A-X- t'5lP CLaJ. Q/> 

In the case 1 p < oo, in order 


W\ (S • A • a') ' 
to establish that 


H^lll , A , A , ^ M'"’llp,2, 

^p^ktt tth: ^ 

The properties of the spaces 1 p < oo that were made tise 

of were 


r-i ,(m+2r i)|| < Ilf i = 0 1 r 

‘ f llLp[0,l] - ''p,2r’ ^ u.i, . . . , 


and 


^”'"*'^^0 <11 £*•”'^11 i = 01 r. 

HLp[0,l] ■" l! «P.2r’ u.i, . . . , 


But, '^in view of lemmas 4. 1.4-5, these hold good even for the 

case p = Qo in the way u"* „ and the Ij It have been defined. 

00 , 2 r ” **00 , Z r 



Hence following exactly along the lines of theorem 5.4.1. 


[-±- 1- -A- 1 

oo'-n+l ’ n+1 •' 


< n n ^ Ilf '■®^! 


2r 


As for observe that it differs from the remainder term 

of theorem 4.3.1 Case (i) only in that n, ,n^ and ra 
appearing there have been replaced by n+1, n^+1 and m+l 
respectively- Hence a similar analysis allows 


I^IZS, , A , A , ^ 

n+l 


2r 


The estimates for together give 


(5.6.5) |SJ ^ 


.A ,A H »co,2r 

oo'-n+l ’ n+1 ■' 


case ii: min(x,l-x) 


From (5.4.23), 


S.(x) = S..(x) + S.^(x) . , f 1 

, ^ TT A Q/oTi^)97WL^ Ci 

Again for the same reasons, as put forward for the caseCi), 


theorem 5.4.1(case ii) gives that 


^oo^n+l * n+1 ^ 


A ,c ^ " n-" 


and theorem 4.3.1 case (ii) gives 


““ 1*1211, , A 


, S n n ||£‘'”'|| 

. - A A .. c ” ”oo, .2r 

^ KTT 


Thus , 


(5.6.6) 8SJI ^ 


"oo^K+T 


^ < n n , 

A . c ” ** 06 , 2 r 


Now (5.6.3) follows from (5. 6. 4-6) . 

Hence the theorem . 



{ 


. ^ C3 * llO«P,2r} } 


where g la such that ^ L 


(i«) 


p » 2r 


Since B^n^'r^lip 2r “ ” 2r’ corollaries 5.2.1 

’ Oiisir-l i 

and 5.3.1 along with (5. 6. 1-2) and (1.5.1a), give 


(®) 




(l<p<a») 


lOnp.2r ^ 


P, 2r 




Therefore, 

j^j.t2r^^(in)) ^ ^^^^-1/2^ ^ ^2r^ ^r j| ^ ( m) _^(in) ^ lip , 2r}} 


^ r' I j /• ~l/2^ . *.2r r^. -r .(m). 

iCc-j<^Cn ) + t nK(n ,f^') 


{ 


} 


Now (iv) follows from lemma 1.6.3. 
i V ) impl lea i ) 

Suppose KCt^^,£^^^) = 0(<^(t)), therefore for given t there is a 

h^ in L ^ such that 
t p,2r 

(5.7.5) :S <^(t) 


2r 


(5.7.6) t «Mlp,2, ^ *(t) 


Let 


X s , 


^ 0 0 


h^(3)dsd3^_^...dSi 


tn-l . .V 

X 


+ f(0) + xf' (0) + 


(m-1)! 



Horeover , 
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fCx) = J J ^ • J ^ f^“^(s)dsds ...ds 

■^ 0 0 0 ^ 

♦ 

m- 1 . _ . . 

+ fCO) + xf'(O) + ... + -^^zrryT 

Clearly, 

Also, 

" ^ (■ ■^ 

|fCx)-e (x)| s: J |f^“'’cs) - h Cs)|ds 

0 ^ 

^ llf^“’-Mlp 


Therefore by (5.7.5), 

(5.7.7) p S .^(t) . 


Further 


1 m- 1 

(x)| s; J jh Cs)|ds + E -fy jf‘''-''c0)j 
" i = 0 • 


^ llMip ^ S 


Cons equent ly , 


IlStllp i llh^llp t 

Now using (4.4.3) and (S.7.6) it could be seen that 

.2r ^2r ^2r 

t t t 

(js-Ct) “ W(X) ll^ttlp ^7 ?TtT 

< r 

(_8 



167 


This alongwith (5.7.6) gives 


(5.7.8) t 


2r. 


‘t "m , p , 2r 


= ‘"'llsllp 




p, 2r 


Inequalities (5.7. 7-8) imply 
K^Ct^’^.f) = 0(^(t)) 

This completes the proof of (iv) implies (i) . 

Hence the theorem . ■ 


C9 <j6Ct) 
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[ j/23 


jjk, ^(m+l ) 


Thus, in view of (l.S.la.b), 

(5-4.12) jS(n,m,l ,p, j;f ,x)j < M n”*^ ^ 

[i/2] 

Moreover since J] X is bounded for all x, leraraa 5 . 1 . sives 

k=l 


(x3( . 


k=l 


(5.4.13) |S(n,ii.,l j;f ,x)jjp i M n'*^ 


P, 2r 


, (2 £ I a: r) 


Next let r+l S I ^ 2r-l again there are two possibilities (i) 
I +^j-q < r and (ii) l+p-q i r. Suppose l+^i-q < r. 

By (5.4.12), 

[j/23 


jS(n,ffl,l,#j, j;f,x)| M n j f (x) i ^ J 

k^l 




where ft = and -a « CM is such that l+/j-q = r-ot. 

[j /23 

Mow the choice of I implies 1 ft r“l also E is 

k=l 

bounded for all x -c* [0,1] this is because k+z^-r ^ 0- ^rherefore^ 

by 1 emma 5.1.3; 


(5.4.14) jS(n,in, I , j ; f ,x)jlp a: M n H ^ Up , 2r ’ 
Next suppose l+p-q 5: r. Here using (5.4.11)> 


1 :s; p < m. 


r-1 


[ J/21 


jS(n,m, I ,p, j ; f ,x) I = lC(i,r)j ^ ^ 


i=0 


k=l 


^0 


(J/21 >t 




k=l q=0 
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The last inequality follows due to the fact that a fxl is 

i , j 

bounded, x « [0,1], independent of n^-m and then using (1.5.1a). 
But the choice of x implies that nX ^ A. 

Ther^efore, 


j ^ ^ ^ 0:5j:<2r-v and 05;i><2r. 

Thus, establishing (5.4.25) now (5.4.24) and 1 emaa 1.6.2 give 


l‘2« A A c ^ ll°ll A A o 

’■p'h+T’’^"STt' 


4 H n'" Bon, 






P 

p, 2r 


1 < P < 00 


The estimates for I^(x) and ^2^^^ together complete casa(ii) 
Hence the theorem.® 

Corollary 5.4.1: Let r, m « D4 and f « 1 < p 00 , tlien 

^ P f 

IP f-f# s: M n'^llflj „ . 

®n,r **m,p "«m,p,2r 


Proof: Uinslin [92] proved that for r « IM and f « L_ 
p ^ &r 


This along with lemma 5 . 1 . S’ and theorem 5.4.1 gives the 


corollary. ■ 



1 *^,4 


'^here + characteristic function of the interval 


. 


[X- (j + l)[-J , x+ (j + l)[-j ] 

Thue . 


n, +1 


^ I ^ , m , s , X , t ) I t~x| 


2r-l , 


C X '' + T ^ )dt 


n j, + 1 


p 1- 


n + 1 p~— 

, u ^ |f'”*^'>Cu)|du .. 

J'O A 


I I 


Let , 


H 


n, +1 


(x) =J ^ KCn,,m,s,x,t)|t-xl 

** * M 1 


^ ( X ^ + T ^ )dt 


iTTTT 


n . -m 

i 


k+s 

7m 


(h.+dV p t,cx)r 


k=l 


ttttt 


1 1 

t-xp^ C X ^ + T ^ )dt 


Recall that k < n,~m when s = m+l also (1.5.1a) implies -- — :s^ 

1 n^ + l 

' A A 

< X < 1 - -r 1- r 1 therefore .using lemma 4.3. 4, with <*. 

r> + i n^ + l-' ■' 


n + 1 ' - n+1 

= 2r-l, ft - v~ 1, and n and m replaced by n^^ + l and m+1 
respectively, iXlfi. 

-r+i -r+^ 

|H (x)l n (n.+l) < n (n+1) 

^i ^ 


Cons equent ly , 
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Moreover by lemma 5.1.2, 


(5.7.2) 1|P f|j ^ < M max IIP fll < H Ijfll , f « U®[0,1] 

“ n,r “m.p Oslr-l ' *^1 p*- ’ ■* 


Now f « U™’^ implies that 

P t ^ r 

K ( t ^'^. f ) i C . ^( t ), 

m 1 




therefore for a given t there exists a g^ « U ^ such that 

t p , z r 


C5.7.3) p i Cj <*(t) and 

KlL . p.Zr ^ • 

Nov , 


8^n,r^’'^^lin,p ^ ®t^lim,p ^ ^tMm.p * /^ijn,p 


Thus, by (5. 7. 1-4), 


> f-fH (M+l)||e^-f|j + M n ^|lga.l|„ ,, 

n,r "ni,p » t **m,p « t“m,p,2r 


5 ( <^(t) + n ^^t ) 


taking t = n 


■ 1/2 


( i i ) follows 


(ii) implies (iii) ia obvious 


(iii) Implies (iv) 
Let 

M n , r " p 


= OC<^Cn ^^^)), we have 


KCt^’^.f*'®^) = inf 

e«L 


p , 2r 


8|lp * t l|8llp,2r } 





